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Motivation
Modern computational models (e.g. neural networks) have been
proven very useful for a variety of problems.
In particular, the transformers architecture in the LLMs.

However, many of these models are only understood at a heuristic
level.

To address this weakness we use logic to study their expressive
power.
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Big picture

One of the major goals in the theory of transformers is to answer a
simple question:

What can different transformer architectures compute?
We study the original encoder—decoder architecture, revealing a re-

markably clean correspondence with temporal logic and distributed
automata.
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Typical sequential computing framework
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Example: Reachability

Initial State

Source (green) is reachable. Others are unknown (gray).
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Example: Reachability

Round 1
Source sends “reach” — Node 2 receives from its out-neighbour.
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Example: Reachability

Round 2

Message propagates: each node receives from its out-neighbour.
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Example: Reachability

Round 3

reach

Information continues toward the root.
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Example: Reachability

Round 4

reach

Root receives the message.
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Distributed system

A distributed system is defined by a labelled directed graph
(W,R,p1,...,px) together with an automaton A.

» Each node w € W contains a copy (A, w) of the automaton
A.

> RC W x W is a collection of communication channels.
» Predicates p; C W encode a local input at each node.
The i-th input bit at node w is 1 iff w € p; .
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Distributed automata

A finite distributed automaton (or FDA) is a tuple (Q,J, 7, F)

> Q@ is a finite non-empty set of states,

> §: Q xP(Q) — Q is a transition function that gives a new
state to each node according to
» the node's own current state
» and the set of node's neighbours’ states
» w: P({p1,...,pn}) = Q is an initialization function from
node-labels to an initial state,

» [ C Q is a set of accepting states.

If Q is countably infinite, we simply call such an automaton a DA.
A DA accepts a node of a graph if it enters an accepting state during
the run.
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Distributed automata counting

A finite distributed automaton (or FDA) is a tuple (Q,d, 7, F)

> Q@ is a finite non-empty set of states,
» 5 Q X Mk(Q) x Mk(Q) — Q is a transition function that
gives a new state to each node according to
» the node's own current state
» the k-capped multiset of node’s neighbours’ states
» the k-capped multiset of all node's states
» w: P({p1,.-.,pn}) — Q is an initialization function from
node-labels to an initial state,

> F C Q is a set of accepting states.

If Q is countably infinite, we simply call such an automaton a DA.
A DA accepts a node of a graph if it enters an accepting state during
the run.

Miguel Moreno (TU)

Logic meets LLMs: Attention has a logic



Distributed Computing
000000800

Overview

Formally a graph is a tuple (V, E,p1,...,pn), where V is a set of
nodes, E is a set of edges and node-labels p; C V encode a local
input at each node.

P1, P2

P1
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Overview
Formally a graph is a tuple (V,E, p1,...,pn), where V is a set of
nodes, E is a set of edges and node-labels p; C V encode a local
input at each node.
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Formally

Each communication round t € N defines a global configuration

StV = Q (S8 = SH(v)).
SO .= initial state at v obtained by the initialization function 7.

Define Q' := the set of states realized by the neigbours of v in round
t. Then SE1 .= the new state 6(SI, Q') at v.

Strictly speaking, by “neighbours of v " we here mean out-neigbours.

A node is accepted if it enters an accepting state during the run.
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Related work on distributed computing

Hella et al. (PODC 2012) characterize constant-iteration distributed
automata classes via modal logics.
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Modal substitution calculus

A program of MSC consists of two lists of rules:

base rule induction rule
—_—— ——
Xl(O):—p/\q X1 :— XzvOp
Xn(0) :— Oq VvV —q X, — OXq

> pu=L]|p|-p]|eAp|Op (ordinary modal logic)
> ou=L]p|X|-pleAe]|Op
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Semantics

> X2 =
> X' is obtained from the induction formula ¢; by
substituting each X; by Xf.
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Semantics

M, v |= program iff M, v |= X{ for some t € N.

A program accepts a node v of a graph if for some t € N, the
formula X{ is true at v.

Here M = (V, R, p1,...,pk) is our distributed system and v € V a
node.

Recall M, v = Oy iff M, u |= ¢ for some u such that R(v, u).
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MSC and DAs

Theorem (Kuusisto CSL13)

MSC and finite distributed automata have the same expressive
power.
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Graph neural network

A graph neural network (or GNN) is a counting distributed au-
tomaton (9, 7, F) that is obtained by a learning process.
The initialization function 7: P(M) — RY gives an initial feature
vector s¥ for each node v.
The transition function ¢ is induced by

» a combination function COM: RY x RY — R9

> an aggregation function AGG: mult(R?) — RY (typically
sum)

Inround t =1,2,..., every node v computes a new state
siT = COM(st, AGG({{s}, | (v.u) € E)}})

Similarly to DAs, a GNN accepts a node v of a graph if in some
round t € N, v visits an accepting feature vector.
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GNN and GMSC

A GNN with floating-point numbers acts similarly to a GNN with
real numbers.

GMSC, or graded modal substitution calculus, is obtained by
allowing diamonds 0=k in MSC in addition to standard diamonds

0.

Theorem (Ahvonen, Heiman, Kuusisto, Lutz, 24)

The following have the same expressive power:
» GMSC
» floating-point GNNs
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CPG Automaton

A counting past-global distributed automaton (CPG-automaton)
is a tuple (Q,m,d,n, b)

» Q C {0,1}™ is a finite non-empty set of states,

> 5 Q X Mi(Q) x My(Q) — Q is a transition function, where

M (Q) is the set of k-capped multisets over Q,

» 7: Y — @ is an initialization function,

» n < N is the output round,

> b c 7, is the output length.
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GPTL™ Logic

The X-formulae of the temporal logic GPTL™ are constructed by
the grammar

pu=Llpl-g|(ere) [ (GO%e| (P,
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Word-shaped graphs

Let X be a finite set of tokens.

A %-labelled word-shaped graph is a tuple (V, E, \):
> V=[

> (i,j)cEiffj=i+1

> \:V — X (labelling function)
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Word-shaped graphs

A Y-labelled two-sorted word-shaped graph is a ¥ U {BOS}-
labelled word-shaped graph such that:

Only one vertex v has BOS assigned.
The prefix is the subgraph induced by [v — 1].

The suffix is the subgraph induced by [n] — [v — 1].
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Masking and softmax

The strict future mask is the function on square matrices given by

—oo  when j > i,

mask(S); = {

Sjj otherwise.

Softmax is the function on vectors x given by

eXi—bx

n Xj—by *
j=1€7

softmax(x); :=

Where by := max{x1, ..., X/}
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Attention

An attention head is a function defined by:

Hinask (X, Y') := softmax (mask<(YWQ)(XWK)T)> (XwV).

NGh

Where WQ, WK, WV are parameter matrices.

Miguel Moreno (TU) UNE70

Logic meets LLMs: Attention has a logic 24 of 34



Transformers architecture
0000008000000

Attention

A masked multi-head self-attention layer is a function defined
by:

MHSAmask (X, X) := concat(H, (X, X), ..., H"

ask mask

(X, X))WO.

Where WO is parameter matrix.

Multi-head cross-attention layers, MHCA, are defined similarly.
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Multi-layer perceptrons

A multi-layer perceptron is a function defined by:

M(X) = ReLU(XWl + bl)W2 + bs.

Where Wi and W, are parameter matrices, and by and by are bias
vectors.

ReLU is applied element-wise. M is applied to a matrix separately
to each row.
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Encoder

An encoder layer is a function given by:

EL(X) = M(X") + X’
where X" = MHSA(X) + X.

An encoder of length L is a composition of encoder layers:

Miguel Moreno (TU) UNE70

Logic meets LLMs: Attention has a logic 27 of 34



Transformers architecture
0000000008000

Dencoder

A decoder layer is a function given by:
DL(X,Y)=M(Y")+Y"

where Y = MHCA(X, Y') + Y and Y/ = MHSA ask(Y) + Y.

A decoder of length L is a composition of decoder layers:

D(X,Y) = DLy (X,DL;_1(X,---DLa(X,DLy(X, Y))---)).
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Output

An output head is a function given by:

Out(Y) = Y - WO 4 pout,

where W°" and b°"" are learned parameters.
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Encoder—decoder transformer

An encoder—decoder transformer maps X -labelled two-sorted graph
G to matrices by:

T(9) = Out(D(E(em(Fp)), em(s))),

where G, is the prefix and G the suffix of G.
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Equivalence

Theorem (Ahvonen, Heiman, Kuusisto, M., Selin, 26)
The following have the same expressive power:
» Encoder—decoder transformers without the final softmax
» GPTL™ Logic
» CPG Automata
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Thank you
Article at: https://arxiv.org/abs/2605.07705
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