FILTER REFLECTION AND THE BOREL REDUCIBILITY
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CAPTURING CLUBS

Suppose X and S are stationary subsets of x, and

F=(F.,|aecS)isa sequence such that, for each
o €S, F, is a filter over «.

We say that F captures clubs iff, for every club
C C k, theset{a € S | CNa ¢ F,} is non-
stationary.

Example. When F is the sequence of club filters, F
Lcaptures clubs.

FILTER REFLECTION

We say that X F-reflects to S iff F captures
clubs and, for every stationary ¥ C X, the set
{a € S|Y Nae FI}isstationary.

We say that X f-reflects to S iff there exists a se-
quence of filters F over a stationary subset S’ of
\0 such that X F-reflects to 5"

JOINT WORK WITH GABRIEL FERNANDES AND ASSAF RINOT.

For all stationary subsets X and S of x, there exists a <r-closed xT-cc forcing extension, in which X
f-reflects to S.

FAILURE OF FILTER REFLECTION

There exists a cofinality-preserving forcing extension in which for all two disjoint stationary subsets X, .S
of k, X does not j-reflect to S.

FORCING-PRESERVING FILTER REFLECTION

Definition. We say that a sequence F = (F, | a € S) is O-complete if the set {o € S | F, is not 6-complete}
is non-stationary.

Theorem. Suppose F = (F, | o € S) is a -complete sequence. Suppose P is a forcing notion with 6-cc

and k-stationary-cc, and X C k is a stationary set such that X F-reflects to S. Then P forces that X
f-reflects to S.

Notice that for any regular uncountable cardinal § < x, if S C cof(>0), then for every a € S, the
club filter over « is f-complete. Therefore, forcing with 6-cc and x-stationary-cc cannot destroy vanilla
Lstationary reflection.

REFLECTION WITH DIAMOND

We say that X F-reflects with <) to S iff F captures
clubs and there exists a sequence (Y, | a € 5)
such that, for every stationary ¥ C X, the set
{aeS|Y,=YNa&Y Nae Fl}isstationary.

We say that X f-reflects with {5 to S whenever
there exists a stationary S’ C S and sequence of
filters F = (F, | o € S') such that X F-reflects
Lwith Hto S

EXAMPLES

Vanilla stationary reflection is a particular case of

filter reflection, this is when F is the sequence of
club filters.

Suppose V' = L. Then, for every stationary S C &,
r f-reflects with ) to S. In particular, filter reflec-
Qion holds at any non weakly compact cardinal.

REDUCIBILITY

Definition. For i < 2, let X; be some space from the collection {6" | 8 € |2, k|}.
Let Ry and R; be binary relations over X, and X, respectively. A function f : Xy — X is said to be a
reduction of Ry to R, iff, for all n, & € X,

n Ro iff f(n) Ry f(E).

The existence of a continuous function f that is a reduction is denoted by Ry —. R;. We likewise define
LRO —p R; once we replace continuous by Borel

RELATIONS

Defintion. For every 6 € [2, k], the equivalence relation =% over 0~ is defined via

n :% ¢iff {a € S| n(a) # £(a)} is non-stationary.

Defintion. Let F be a filter over «. For every 0 € |2, k], the equivalence modulo F, NfT, over 0%, is define
via

L (n,€) €~ iff {8 <a|n(B)=&(B)} € F

INSTITUTE OF MATHEMATICS, UNIVERSITY OF VIENNA. FWF MEITNER-PROGRAM

If X f-reflects with { to S, then =% < .=%.

THEOREM 2

Suppose Martin’s Maximum (MM) holds, k > N,
X C kNecof(w)is stationary, and S = kN ecof(wq).
If & x holds, then X reflects with <> to S.

Remark. MM implies that for every successor k
of a singular strong limit of uncountable cofinality,
C?{‘_%:%for X =Efand S = EF .

FILTERED FUNCTIONS

Definition. For every 0,y € [2,k], F' : 0% — A%,
and F = (F, | a € S) a sequence of filters. We

say that F captures F if the following holds:
Forall « € Sand n,§ € 0%, n | « Ng_-a | aiff

| F(n)(a) = F(€)(a).

MAIN THEOREM

Theorem. Let X, S C k be stationary sets. The
following are equivalent:

1. X f-reflects to S

2. thereis F = (F, |a € S)and F : 2" — k" a
reduction from =% to =% that captures F.

Remark. X stationary reflects to S if and only if there
is F : 25 — k" a reduction from =3 to =" that cap-
Ltures the sequence of the club filters.

Is it consistence that =% 5 =% holds for all sta-
tionary set S C k?
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