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Classifying First-order countable Theories

The spectrum problem

Let /(T, ) denote the number of non-isomorphic models of T with
cardinality a.

What is the behavior of /(T,a)?

¢ Lowenheim-Skolem Theorem:
doa>w (T,a) #0=VYE>w I(T,B) #0.
e Morley’s categoricity: oo > w I(T,a) =1=VE>w I(T,5) =1
e Shelah’s Main Gap Theorem: Either, for every uncountable
cardinal o, I(T, ) = 2%, or Yoo > 0 I(T,R,) < I, (| e ]).
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Classifying First-order countable Theories

Approaches

e Shelah’s stability theory.
Classify the models of T by cardinal invariants and clearly differentiate
between the theories that can be classified and those that cannot.

e Descriptive set theory:
It uses Borel-reducibility and the isomorphism relation to define a
partial order on the set of all first-order complete countable theories.
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Classifying First-order countable Theories

The topology
K is a cardinal that satisfies k<% = k.

We equip the set 2% with the bounded topology. For every ¢ € 2<%, the set

[(I={ne2"|Ccn}

is a basic open set.

The collection of Borel subsets of 2% is the smallest set which contains the
basic open sets and is closed under unions and intersections, both of
length k.

Set-theoretical aspects of the model theory of
Miguel Moreno (UH) / 40



Classifying First-order countable Theories

Reductions

A function f: 2% — 2% is Borel, if for every open set A C 2" the inverse
image f1[A] is a Borel subset of 2~

Let E; and E, be equivalence relations on 2%. We say that E; is Borel
reducible to E», if there is a Borel function f: 2% — 2" that satisfies
(x,y) € B2 & (f(x), f(y)) € Ex.

We write E1 <g E>.
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Classifying First-order countable Theories

Coding structures

Fix a language £ = {Pp|n < w}
Definition

Let w be a bijection between k<% and k. For every f € 2" define the
structure Af with domain k by: for every tuple (a1, az, ..., an) in K"

(a1,a2,...,an) € P,“s’ & f(n(m,ar,a2,...,a,) =1

Definition (The isomorphism relation)

Given T a first-order complete countable theory in a countable vocabulary,
we say that f, g € 2% are =% equivalent if
c A ET A =T, Ar =2 A,

or
« ApE T A ET
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Classifying First-order countable Theories

The complexity

We can define a partial order on the set of all first-order complete
countable theories

12

T<"Tiff 2% <g =%
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The Main Gap in the Borel hierarchy

Shelah’s Main Gap Theorem

Theorem (Shelah)

If T is classifiable and T’ is not, then T is less complex than T' and their
complexity are not close.

Question:

Is there a Borel reducibility counterpart of the Main Gap Theorem in the
space 2°7
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The Main Gap in the Borel hierarchy

ENI-DOP

For every L, «-sentence, ¢, denote by iso the isomorphism relation of
the models of ¢ with universe w.

Definition

An w-stable theory T has ENI-NDOP if the primary model over any

independent triple of w-saturated models is w-saturated. We say T has
ENI-DOP if it fails to have ENI-NDOP.

Definition
We call a theory T Borel complete if iso; <g =7 for every
L., «-sentence .

Theorem (Laskowski, Shelah)
If T is w-stable with ENI-DOP, then T is Borel complete.
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The Main Gap in the Borel hierarchy

Countable

T = Th(Q, <).
T’, the theory of vector space over the field of rational numbers.

By the Borel-reducibility hierarchy:
T gw T/

T 9T

By the stability theory T’ is simpler than T.
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The Main Gap in the Borel hierarchy

Uncountable

Theorem (Shelah)
If T is classifiable, then T is Al.

Theorem (Friedman, Hyttinen, Kulikov)
If T is unstable then T is not Al.

Theorem (Friedman, Hyttinen, Kulikov)

If T is unstable and T’ is classifiable, then T «£* T'.

Miguel Moreno (UH)
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The Main Gap in the Borel hierarchy

The Equivalence Modulo Non-stationary ldeals

Definition
For every X C k stationary, we define Ex as the relation

Ex ={(n,€) € 2" x 2" | (n *[1]AE1]) N X is not stationary}

where /\ denotes the symmetric difference.

When X = {a < k|cf(a) = A}, we will denote Ex by E).
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The Main Gap in the Borel hierarchy

Looking above the Gap

Theorem (Friedman, Hyttinen, Kulikov)

Suppose k = AT =2* and A<* = \.
e If T is an unstable or superstable with OTOP, then Ey <p ='7.
e If\>2%and T is a superstable with DOP, then E\ <p =7.

Theorem (Friedman, Hyttinen, Kulikov)

Suppose that for all v < k, v < k and T is a stable unsuperstable.
Then E, <p =%
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The Main Gap in the Borel hierarchy

Looking below the Gap

Theorem (Friedman, Hyttinen, Kulikov)
If T is a classifiable theory, then for all regular cardinal A < k, Ex £ =%

Theorem (Hyttinen, Kulikov, Moreno)

Denote by S§ the set {a < k|cf(a) = A}
Suppose T is a classifiable theory and \ < k is a regular cardinal. If
O(SY) holds, then =% <p E,.
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The Main Gap in the Borel hierarchy

The stable unsuperstable theories

Theorem (Hyttinen, Kulikov, Moreno)
Suppose k = AT and \Y = \. If T is a classifiable theory and T' is a

~

stable unsuperstable theory, then =% <p E, <p =% and E,, £ =7%.

Proof.

Shelah proved that if x = AT = 2" and S is a stationary subset of
{a < k| cf(a) # cf(N)}, then H(S) holds. So, in this case ((S) holds
and =% <g E,. The other reduction is [FHK] theorem. ]
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The Main Gap in the Borel hierarchy

Consistency

Let H(x) be the following property: If T is classifiable and T’ is not, then
T<"T and T' ¢ T

Theorem (Hyttinen, Kulikov, Moreno)
Suppose k = AT, 2} > 2% and \<* = \.
1 If V=1L, then H(k) holds.

2 It is consistent that H(k) holds and there are 2" equivalence relations
strictly between =% and =7,.
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The Main Gap in the Borel hierarchy

Question:
Is there a Borel reducibility counterpart of the Main Gap Theorem that
does not need to force diamonds?

It can be studied in two ways:

e Does it holds E,, <p = for every theory T non-classifiable under
some cardinal assumptions that imply $(S5)?

o |s there a Borel reducibility counterpart of the Main Gap Theorem in
another space?
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The Generalized Baire Space

The generalized Baire space

Let x be an uncountable cardinal that satisfies k<% = k.

We equip the set k" with the bounded topology. For every ¢ € k<, the
set

[{I={ner"|Ccn}

is a basic open set.

The collection of Borel subsets of x* is the smallest set which contains the
basic open sets and is closed under unions and intersections, both of
length k.
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The Generalized Baire Space

Reductions in GBS

Let E; and E, be equivalence relations on «®. We say that E; is Borel

reducible to E», if there is a continuous function f: K — k" that satisfies
(x.y) € B & (f(x). (1)) € Ez.

We write E1 <g E>.
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The Generalized Baire Space

Coding structures in GBS

Fix a language £ = {Pp|n < w}
Definition

Let w be a bijection between k<% and k. For every f € k" define the
structure Af with domain rk by: for every tuple (a1, az, ..., an) in K"

(a1,a2,...,an) € P,“s’ & f(n(m, a1, az,...,a,)) >0

Definition (The isomorphism relation)

Given T a first-order complete countable theory in a countable vocabulary,
we say that f, g € k" are =% equivalent if
e AT, A =T, Ar =2 A,

or
« ApE T A ET
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The Generalized Baire Space

The Equivalence Modulo Non-stationary Ideals in GBS

We say that f, g € k" are Ej equivalent if the set {o < k|f(a) = g()}
contains an unbounded set that is closed under A-limits.

Theorem (Hyttinen, Moreno)

Suppose T is a classifiable theory and \ < k is a regular cardinal.
Then %JI-{,— <B E)\.
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The Generalized Baire Space

Proof

Let A and B be structures with domain «, and {X,},<. an enumeration
of the elements of P, (k) and {f;} <, an enumeration for all the functions
with domain in P (x) and range in Py (k).

The game EF/ (A, B) is played by I and Il as follows.

In the n-th turn | choose an ordinal 8, < x such that X3, , C Xj,, and Il
an ordinal 6, < k such that Xz, C dom(f,) N rang(fy,) and fp, , C fy,,
the game starts with Xg, and fy, as empty sets. The game finish after w
moves.

The player Il wins if Uj«.,fy, : A — B is a partial isomorphism, otherwise
the player | wins.
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The Generalized Baire Space

Proof

For every o < k, structures A and B with domain x, the game

EF5(A o, B [o) is played by I and 1l as follows.

In the n-th turn I choose an ordinal 3, < « such that X, C «,

Xg, , C Xa,, and Il an ordinal 8, < « such that dom(fy,), rang(fy,) C «,
X3, € dom(fy,) N rang(fy,) and i, , C fy,.

The game starts with Xj, and f5, as empty sets, and finishes after w
moves. The player Il wins if Uj<,fy, : A [o— B [, is a partial
isomorphism, otherwise the player | wins.
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The Generalized Baire Space

Proof

Lemma

For every pair of strcutures, A and B with domain x, the following holds:
o 11 EF(A,B) <= I T EF(A [a,B [a) for club-many «.
o |1 EF(A,B) <= 11 EFi(A [, B [o) for club-many c.

Definition

Given T a first order complete countable theory in a countable vocabulary
and a < K. Define the relation Rgr C k" X k" asn REg £ if Ay [oF T
and A¢ [o# T, or Ay [o= T, A¢ [of= T and the player Il has a winning
strategy for the restricted game EF( Ay [a, A¢ [a).
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The Generalized Baire Space

Proof

Lemma

For every T first order complete countable theory in a countable
vocabulary, there are club many « such that R2¢ is an equivalence relation.

Define the reduction as follows.

For every ) € k* define the function f,, as f,(«) a code in xk\{0} for the
R2r equivalence class for A, [, when cf () =\, A, [o= T, and REg is
an equivalence relation; f,(«) = 0 in other case.
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The Generalized Baire Space

s-isolation

Definition
Denote by F3 the set of pairs (p, A) with |A| < A/(T), such that for some
B2 A, peS(B), and p [aF p.
1 We say that C is s-constructible over A if there is a sequence
(ai, Bi)i<a such that C = AU ;. ai, and for all i < c,
(t(a,-, A,'), B,) € F, where A; = AU Uj<i aj.
2 We say that C is s-primary over A if it is s-constructible over A and
Ar(T)-saturated.
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The Generalized Baire Space

The Orthogonal Chain Property

Definition

Given p € S(A) and B C A, we say p L B if for every q € S(A) that
doesn’t fork over B the following holds; for every a, b, and B' D A, if a
realizes p, b realizes q, a o B' and b |5 B’ then a | g b.

Definition

A theory T has the property OCP if there exist A\.(T)-saturated models of
T of power A(T), {Ai}i<w, such that for every i < j, A; C A; and

a ¢ Uj<wAj such that t(a, U,'<w.A,') 1 A;.

Define T, = Th((w*, Rn)n<w), Where n R, & holds if n [,= & [p. T, has
the OCP.
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The Generalized Baire Space

OCP and superstable

Lemma
If a theory T has the OCP, then T is not superstable.

Theorem (Hyttinen, Moreno)

Suppose T is a classifiable theory, T' is an stable theory with the OCP,
and k an inaccessible cardinal. Then =% <p E, <p =%,
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The Generalized Baire Space
a-isolation

Definition
Denote by F2 the set of pairs (p, A) with |A| < w, such that for some
BD A peS(B), al=p andstp(a,A) - p.
1 We say that C is a-constructible over A if there is a sequence
(ai, Bi)i<a such that C = AU ;. ai, and for all i < c,
(t(a,-, A,‘), B,) c Fwa, where A,' =AU Uj<i aj.
2 We say that C is a-saturated if for all B C C of power less than |C|"
and p € S(B) the following holds: if for some A, (p,A) € F3, then p
is realized in C.
3 We say that C is a-primary over A if it is a-constructible over A and
a-saturated.
4 We say that C is a-atomic over A if for every c € C, there is BC A
such that (t(c, A), B) € F3
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The Generalized Baire Space

DOP

Definition

A theory T has the dimensional order property (DOP) if there are
a-saturated models (M;)i<3, My C My N My, My | m, M2, and the
a-primary model over My U M, is not a-minimal over My U M5.

Lemma (Shelah)

Let My C My N My be a-saturated models, My |y, Mz, M a-atomic over
M; U M, and a-saturated. Then the following conditions are equivalent:

1 M is not a-minimal over My U M.

2 There is a type p € S(M) orthogonal to My and to My, p not
algebraic.
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The Generalized Baire Space

Strong DOP

Definition

We say that a theory T has the strong dimensional order property
(S5-DOP) if the following holds:

There are a-saturated models (M;)i<3, Mo C My N My, such that

My Imy, M2, and for every M3 a-primary model over My U Mo, there is a
non-algebraic type p € S(M3) orthogonal to My and to Ma, that does not
fork over My U M>.
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The Generalized Baire Space

S-DOP

The following theory in the language {Po, P1, P2, fo, f1} has the S-DOP.
Let Py, P1 and P> be disjoint unary relations such that for every a,
ac PyuPiUPs.
The functions fy and f; satisfy:
o fi(a) = aforevery i <2and a¢ Ps.
e fi(a) € P for every i < 2 and a € Px.
e Ya e Py, Vb € Py, exists infinitely many ¢ € P, such that fy(c) = a
and fi(c) = b.
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The Generalized Baire Space

S-DOP

Lemma
If a theory T has the S-DOP, then T has the DOP.

Theorem

Suppose T is a classifiable theory, T' is a superstable theory with the
S5-DOP, A > 2“, and k an inaccessible cardinal. Then =% <g E\ <p =7,
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The Generalized Baire Space

Sum up

e When k = w the classifications are different.

e It is consistent that there is a generalized Borel reducibility
counterpart of the Main Gap Theorem in the space 2".

e For k inaccessible, the classifiable theories are at most as complex as
the theories with OCP or S-DOP.
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The Generalized Baire Space

Questions

1 Denote by EY and Ef the relation E) in the spaces k* and 2"
respectively. For which A holds EY <pg EAQ?

2 For which A holds Ey <pg =% in the space k" for every theory T
non-classifiable?

3 For which A holds E, <p = in the space 2" for every theory T
non-classifiable?
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The Generalized Baire Space
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