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The Main Gap Theorem

Shelah’s Main Gap Theorem

Theorem (Main Gap, Shelah)

Let T be a first order complete theory in a countable vocabulary and
I(T,«) the number of non-isomorphic models of T with cardinality | o |.
Either, for every uncountable cardinal o, I(T,«a) = 2%, or

Ya >0 I(T,Ry) < 3oy (| ).

Theorem (Shelah)

If T is classifiable and T’ is not, then T is less complex than T' and their
complexity are not close.
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The Main Gap Theorem

Questions

What can we say about the complexity of two different non-classifiable
theories?

By non-classifiable theories we mean:
e Unstable theories.
e Stable unsuperstale theories.
e Superstable theories with DOP.
e Superstable theories with OTOP.

Have all the non-classifiable theories the same complexity?
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Generalized Descriptive Set Theory

The approach

Use Borel-reducibility and the isomorphism relation on models of size x to
define a partial order on the set of all first-order complete countable
theories.
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Generalized Descriptive Set Theory

The Generalized Cantor space

K is an uncountable cardinal that satisfies k<% = k.

The generalized Cantor space is the set 2" with the bounded topology. For
every ( € 2<%, the set

[(l={ne2|(Cn}

is a basic open set.

Miguel Moreno (ASTW19) January 2019 7/32



Generalized Descriptive Set Theory

k-Borel sets

The collection of k-Borel subsets of 2% is the smallest set which contains

the basic open sets and is closed under unions and intersections, both of
length £.

A function f: 2% — 2% is k-Borel, if for every open set A C 2" the inverse
image f1[A] is a k-Borel subset of 2~.
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Generalized Descriptive Set Theory

Borel reduction

Let E; and E, be equivalence relations on 2%. We say that E; is Borel

reducible to E», if there is a k-Borel function f: 2 — 2% that satisfies
(x.y) € B & (f(x). (1)) € Ez.

We write E1 <g E>.
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Generalized Descriptive Set Theory

Coding structures

Fix a relational language £ = {Pp|n < w}
Definition

Let w be a bijection between k<% and k. For every f € 2" define the
structure As with domain k and for every tuple (a1, az, ..., ap) in K"

(a1,a2,...,an) € P,“s’ & f(n(m,ar,a2,...,a,) =1

Definition (The isomorphism relation)

Given T a first-order countable theory in a countable vocabulary, we say
that f,g € 2" are =1 equivalent if

CAET A E T, Ar = Ay

or
c ArE T A ET
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Generalized Descriptive Set Theory

The Borel-reducibility hierarchy

We can define a partial order on the set of all first-order countable theories

T<. Tiff =7 <p=p
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Generalized Descriptive Set Theory

Questions

Is the Borel reducibility notion of complexity a refinement of the
complexity notion from stability theory?
e |f T is a classifiable theory and T’ is not, then T <, T'?
e |f T is an unstable theory and T’ is not, then T’ <, T?
® Are all the theories comparable by the Borel reducibility notion of
compleity, for every two theories T and T’ either T <, T’ or
T' <,. T holds?
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Generalized Descriptive Set Theory

Unstable Theories

Theorem (Friedman, Hyttinen, Kulikov)
If T is unstable and T’ is classifiable, then T %, T'.

Theorem (Asperd, Hyttinen, Kulikov, Moreno)

Let DLO be the theory of dense linear order without end points. If k is a
N3-indescribable cardinal, then T <, DLO holds for every theory T.

Miguel Moreno (ASTW19) January 2019 13/32



Generalized Descriptive Set Theory

A Borel reducibility counterpart

Let H(x) be the following property: If T is classifiable and T’ is not, then

T<.T'and T'" &, T.

Theorem (Hyttinen, Kulikov, Moreno)
Suppose k = A1, 22 > 29 and \<* = A,

1 If V =L, then H(k) holds.

2 It can be forced that H(k) holds and there are 2" equivalence
relations strictly between =1 and = t.

Miguel Moreno (ASTW19) January 2019

14 /32



The equivalence non-stationary ideal

Outline

3 The equivalence non-stationary ideal

Miguel Moreno (ASTW19) January 2019 15/32



The equivalence non-stationary ideal

2
E)\—club

For every regular cardinal A < x, the relation Ef_dub is defined as follow.

Definition
On the space 2%, we say that f,g € 2" are ES . equivalent if the set
{a < k| f(a) = g(a)} contains an unbounded set closed under \-limits.
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The equivalence non-stationary ideal

Non-classifiable theories

Theorem (Friedman, Hyttinen, Kulikov)

Suppose that k = AT = 2* and \<* = \.
1 If T is unstable or superstable with OTOP, then E2 ,,, <p =T
2 If A >2% and T is superstable with DOP, then E>2\—club <g =Zr.

Theorem (Friedman, Hyttinen, Kulikov)

5uppose that for al/ v < K, ¥ < Kk and T is a stable unsuperstable theory.
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The equivalence non-stationary ideal

Classifiable theories

Theorem (Hyttinen, Kulikov, Moreno)

Suppose T is a classifiable theory, A < k a regular cardinal such that
Or(cof (N)) holds. Then =1 <pg EZ -
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The dichotomy

Y 1-completeness

An equivalence relation £ on 2% is X1 or analytic, if E is the projection of
a closed set in 2% x 2% x 2 and it is ¥1-complete or analytic complete if it

is =1 (analytic) and every ¥} (analytic) equivalence relation is Borel
reducible to it.
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The dichotomy

Working in L

Definition

® We define a class function F¢, : On — L. For all o, Fe () is a pair
(Xa, Co) where Xy, Co, C «, C, is a club if « is a limit ordinal and
Co = 0 otherwise. We let Fo () = (Xa, Co) be the <, -least pair
such that for all 8 € C,, Xg # Xo N B if a is a limit ordinal and such
pair exists and otherwise we let Fe(c) = (0, 0).

® We let C,, € On be the class of all limit ordinals o such that for all
B <a, Fo | B € Ly. Notice that for every regular cardinal o, Co, N
is a club.
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The dichotomy

Working in L

Definition

For all regular cardinal o and set A C «a, we define the sequence

(X, Cy)+ea as the sequence (F¢,(7))yea, and the sequence (X) ca as
the sequence of sets X, such that F(v) = (Xy, C,) for some C,.

By ZF~ we mean ZFC + (V = L) without the power set axiom. By ZF®
we mean ZF~ with the following axiom:

“For all regular ordinals ;1 < a if (Sy, Dy)yeq is such that for all v < «,
Fo(v) = (S4, Dy), then (S;) ccof(n) is @ diamond sequence.”
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The dichotomy

The Key Lemma

Lemma (Hyttinen, Kulikov, Moreno)

(V = L) For any Xi-formula ¢(n, &, x) with parameter x € 2", a regular
cardinal u < K, the following are equivalent for all n, £ € 27:

* o(n,§x)

® S\A is non-stationary, where S = {a € cof (1) | Xo = n7 {1} Na}
and

A={aec CnNk|3B>allgEZF Np(n | a,& T a,x [ a)Ar(a))}

where r(a) is the formula “o is a regular cardinal”.
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The dichotomy

The dichotomy

Theorem (Hyttinen, Kulikov, Moreno)

(V = L) For every \ < k regular, EZ ,,, is a £1-complete equivalence
relation.

Theorem (Hyttinen, Kulikov, Moreno)

(V = L) Suppose that k is the successor of a regular uncountable cardinal.

If T is a theory in a countable vocabulary. Then one of the following
holds.

e =1 js Al (all the complete extensions of T are classifiable).

e =1 jsYl-complete (T has at least one non-classifiable extension).

Notice that T is not required to be complete.
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The Ot principle

O (cof (1)

Definition
For 1 be a regular cardinal smaller than k, {7 (cof (1)) asserts the
existence of a sequence (N, | « < k) such that:
1 for every a < K, N, is a transitive p.r.-closed set containing «,
satisfying [Ny | < || + Ro;
2 for every X C k, there exists a club C C k such that, for all a« € C,
XNa,CNae Ny,

3 for every Mi-sentence ¢ valid in a structure (k, €, (An)n<w), there
exists a € cof (i), such that

No = 6 is valid in (o, €, (An | @)new).”
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The Qt principle

OF(cof () in L

Lemma

(V =1L) If k = A\t is a successor cardinal and 1 is a regular cardinal
smaller than k, then {7 (cof (1)) holds.
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The Ot principle

A Diamond Sequence

Proposition

Suppose (N, | a < k) is a &7 (cof (11))-sequence, for some regular ji < k.
Suppose that, for each infinite a < K, fo, - o — N, is a surjection. Let
C: K X K <> k be Gédel pairing function.
For every Mi-sentence ¢ valid in a structure (k, €, (Ay)n<w), there exists
i < Kk such that, for every X C k, for stationarily many o < k, the two
holds:

* Ny = "¢ isvalidin (a,€,(An | @)ncw)";

e XNa={<alc(ip) e f(i)}.

The sets Z/, = {8 < | ¢(i, B) € fu(i)} witnesses < (cof (1)).
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The Ot principle

Y 1-completeness

Theorem

If &7 (cof (1)) holds for ju < k regular, then EZ ;. is a X i-complete
equivalence relation.

Proof Suppose E is a ¥} equivalence relation. Let i <  be as in the
previous proposition, X,, the characteristic function of Z!. For every
n € 2" and a € cof (i) denote by T, the set

{pe2|peN,and N, = "E is an equivalence relation and
(p,n | @) € Eisvalidin (o, €,(An | @)n<w)”}

Fn) (o) 1 if Xy € Tyo and a € cof (1)
Q) =
7 0 otherwise
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The Ot principle

The Dichotomy

Theorem

Suppose k= K<F = AT, 22 > 29 A<= X\ If T is a theory in a

countable vocabulary, and ¥ (cof (w)) and i (cof()\)) hold. Then one
of the following holds.

e =1 js Al (all the complete extensions of T are classifiable).

e ~1 js Yl -complete (T has at least one non-classifiable extension).
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The Ot principle

Questions

Question

Is there an uncountable cardinal k, such that H(k) is a theorem of ZFC?

Question

Have all the non-classifiable theories the same Borel-reducibility complexity
(excluding stable unsuperstable theories)?
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The Qt principle

Thank you
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