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The bounded topology

Let x be an uncountable cardinal.

We equip the set k™ with the bounded topology. For every
¢ € K<F, the set

[KJ={ner"|CCn}

is a basic open set.

Miguel Moreno (UH)

Borel sets and the generalized Baire spaces



k-Borel sets

The r-Borel space of k" is the smallest set, which contains the
open sets, and is closed under unions and intersections, both of
length x, and complements.

A k-Borel set, is any element of the k-Borel space.
A set X is a k-X1 if it is a projection of a x-Borel set C C (x~)2.
A set X is a k-MN} if it is the complement of a k-1 set.

A set X is a k-Al if it is a k-X1 and k-7 set.
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Classifiable theories

Theorem (Friedman - Hyttinen - Kulikov)

If kK > 2% s a succesor cardinal, then T is classifiable and shallow
if and only if 21 is k-Borel.

Theorem (Friedman - Hyttinen - Kulikov)
If T is classifiable not shallow, then =+ is /SJ-A% and not k-Borel.
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Some non-Classifiable theories

Theorem (Friedman - Hyttinen - Kulikov)

» If T is unstable, then =1 is k-X1 and not r-Al.

» If T is superstable with OTOP, then = is n—Z% and not
k-Al

» If T is superstable with DOP and r > wy, then =1 is k-X1
and not k-Al.
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Borel-reducibility Main Gap

Theorem (M.)
Let ¢ =2, Suppose k = AT =2  and 2° < A= \“1. If T is a
classifiable theory, and T' is a non-classifiable theory, then

71 —c =1 and E1 b Er
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Issues
®00

A dead end

Lemma (Hyttinen - M - Vaananen.)
Suppose 2* = 2%, k > \. Then for all A C k" there is a closed
C C k" x 2% such that A is the first projection of C i.e.

A={fer™:3g€2%(f,g) € C)}.
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Issues
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Ideal topologies

Let Z be a k-complete proper ideal on k that extends the ideal of
bounded sets.

For any set | C &, let Fny = {f | f: D — K, where D € [}.

For n € Fn;, we define

Ny ={§€r"|nC&}.
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Issues
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More issues

Lemma (M - Pitton.)

If T contains an unbounded subset of k. Then for all A C k" there
is a closed C C k" x k" such that A is the first projection of C.
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Definition

Basic k-open sets are the sets of the form

N, ={Cer™|nC(}

where 1 : X — x and X C k has size less than x; and the empty
set. A set is k-open if it is a xk-union of basic k-open sets.

The class of x-Borel sets is the smallest class that contains all the
basic x-open sets and is closed under complements and x-unions
and x-intersections.
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Independency

Lemma (M - Pitton.)

The class of k-Borel sets is the same over all the ideal topologies.
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k-analytic
We say that a set is x-X1 if it is the projection of a r-Borel set.

Notice that there are only 2% many x-X] sets, but there are 22"
subsets of k. Most subsets of k" are not k-X1.

Lemma (Hyttinen - M - Vaananen.)

Every k-Borel set is a k-1 set.
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r-Borel hierarchy

» k-Xg is the set of basic k-open sets of the form N,, |n| = 1.

» If v is even, then k-X 41 is the set of all k-unions of
K-2_,-sets.

» If « is odd, then k-X .1 is the set of all k-intersections of
K-X o -Sets.

> If o is limit, then k-X, = Ugcqr-X3.

Miguel Moreno (UH) FMD26

Borel sets and the generalized Baire spaces 13 of 17



~-Borel
0oo0e

Good news

Theorem (Hyttinen - M - Vaananen.)

The sets k-X, form a proper hierarchy.

Theorem (Hyttinen - M - Vaananen.)

For all o < k™, there is a universal k-X,, set.

Theorem (Hyttinen - M - Vaananen.)

There is a universal k-Borel set.
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The isomorphism relation
®00

The classifiable case

Theorem (Hyttinen - M - Vaananen.)

Let T be a countable w-stable NDOP shallow. Suppose k is a
regular cardinal such that k¥ = k. If the number of isomorphism
classes is at most k, then = is k-Borel.
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The isomorphism relation
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The non-classifiable case

Theorem (Hyttinen - M - Vaananen.)

Suppose T is a countable non-classifiable theory (i.e. T is not a
superstable stable theory without DOP and without OTOP) and
Kk > w is regular, then the isomorphism relation of T, =, is not
k-Borel on the Generalized Baire Space k".
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The isomorphism relation
ocoe

Thank you
Article at: https://arxiv.org/abs/2507.15427
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