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This notes are based on a series of talks given at the Set Theory seminar of Bar-Ilan University. This notes
are intended to be as close as possible to the transcripts of those seminar session. Due to the nature of the
seminar and the questions from the audience, some proofs were split into different sessions in order to give
examples and clear answers to the questions from the audience.

1 An introduction to generalized descriptive set theory

Generalized descriptive set theory is the generalization of descriptive set theory to uncountable cardinals. For a
background on classical descriptive set theory see [7] or [8]. During this notes, x will be an uncountable cardinal
that satisfies k<* = k, unless otherwise is stated.

First Session

The aim of this first section is to introduce the notions of k-Borel class, Al(k) class, k-Borel* class, and show
the relation between these classes.

Definition 1.1 (The Generalized Baire space B(k)). Let k be an uncountable cardinal. The generalized Baire
space is the set k™ endowed with the following topology. For every n € k<%, define the following basic open set

Ny={fer"|ncf}
the open sets are of the form | J X where X is a collection of basic open sets.

Definition 1.2 (The Generalized Cantor space C(k)). Let £ be an uncountable cardinal. The generalized
Cantor space is the set 2% endowed with the following topology. For every n € 2<%, define the following basic
open set

Ny={fe2"[ncf}

the open sets are of the form |J X where X is a collection of basic open sets.

Definition 1.3 (x-Borel class). Let S € {B(k),C(k)}. The class k-Borel(S) of all k-Borel sets in S is the least
collection of subsets of S which contains all open sets and is closed under complements, unions and intersections
both of length at most k.

Definition 1.4. Let S € {B(k),C(k)}.

e X C SisaXl(k) setif thereis a set Y C S x S a closed set such that pr(Y)={x € S| Iy e S (x,y) €
Y)=X.

o X C S isalli(k) setif S\X is a $1(k) set.
o X CSisaAll(k) setif X is a ¥i(k) set and a 11} (k) set.
Definition 1.5 (k-Borel*-set in B(k), C(k)). Let S € {27, k"}.

1. A subset T C k<" is a tree if for all f € T with « = dom(f) > 0 and for all B < o, f | B € T and
fro<f.

2. A tree T is a v+, MA-tree if does not contain chains of length A and its cardinality is less than k*. It is
closed if every chain has a unique supremum in T.

3. A pair (T,h) is a k-Borel*-code if T is a closed k™, A-tree, A\ < k, and h is a function with domain T
such that if x € T is a leaf, then h(x) is a basic open set and otherwise h(x) € {U,N}.



4. For an element n € S and a k-Borel*-code (T, h), the k-Borel*-game B*(T, h,n) is played as follows.
There are two players, I and I1. The game starts from the root of T. At each move, if the game is at
node © € T and h(xz) = N, then I chooses an immediate successor y of x and the game continues from
this y. If h(z) = U, then II makes the choice. At limits the game continues from the (unique) supremum
of the previous moves. Finally, if h(x) is a basic open set, then the game ends, and II wins if and only if

n € h(x).

5. A set X C S is a k-Borel*-set if there is a k-Borel*-code (T, h) such that for allm € S, n € X if and
only if II has a winning strategy in the game B*(T, h,n).

We will write IT 1 B*(T, h,n) when II has a winning strategy in the game B*(T\, h,7).

Example 1.1. Let p < k be a reqular cardinal, we say that X C k is a p-club if X is an unbounded set and it
18 closed under p-limits.

Let p < K be a regular cardinal. For all n,& € 2 we say that n and £ are Eﬁ_dub equivalent if the set
{a < k| n(a) =¢&(a)} contains a p-club.

The relation E?_,,, is a -Borel* set. Let us define the following r-Borel*-code (T, h):

o T ={fer<wr2| fis strictly incresing}.
e For f not a leave, h(f) = U if dom(f) is even and h(f) = N if dom(f) is odd.

o To define h(f) for a leave f, first define the set L(g) = {f € k™1 | g C f} for all g € T with domain
w, and vy = Supn<w(g(n)). Let h | L(g) be a bijection between L(g) and the set {N, x Ny | p,q €

K19 p(yg) = q(g)}-

Let us show that (T,h) codes E? .. Suppose (n,&) € E? ., so there is an w-club C such that Vo € C
n(a) = &(a). The following is a winning strategy for 11 in the game B*(T, h,(n,£)). For every even n < w,
if the game is at f with dom(f) = n, II chooses an immediate successor f' of f, such that f C f' and
f'(n) € C. Since C is closed under w limits, after w moves the game continues at g € K* strictly increasing
with v = supp<w(g(n)) € C. So there is G an immediate successor of g, such that h(G) = Ny X Nepy. Finally
if IT chooses G in the w move, then I1 wins.

For the other direction, suppose (n,£) & E2_ .., so there is A C SE stationary (S% is the set of w-cofinal
ordinals below k) such that for all o € S, n(a) # &(a).

We will show that for every o strategy of 11, o is not a winning strategy. Let o be an strategy for II, this
mean that o is a function from k<1 — k. Notice that if II follows o as a strategy, then when the game is
at f, dom(f) =n even, I chooses f' such that f C ' and f'(n) = a((f(0), f(1),...,f(n—1))). Let C be the
set of closed points of o, C = {a < k | o(a=¥) C a}, C is unbounded and closed under w-limits. Therefore
CNA=#D. Lety be the least element of C N A that is an w-limit of elements of C, and let {vn}n<w be a
sequence of elements of C cofinal to v. The following is a winning strategy for I in the game B*(T, h, (n,£)), if
II uses o as an strategy.

When the game is at [ with dom(f) = n, n odd, then I chooses an immediate successor f' of f, such that
f C [ and f'(n) is the least element of {yn}n<w that is bigger than f(n—1). This element always ezists because
{Vn}n<w 18 cofinal toy and v € C, v is a closed point of o. Since I is following o as a strategy and v is a closed
point of o, after w moves the game continues at g € k¥ strictly increasing with v = supp<,(g(n)) € C N A.
Since n(y) # £(7), there is no G immediate successor of g, such that (n,€) € h(G). So it does not matter what
IT chooses in the w mowve, 1 will win.

The previous definitions are the generalization of the notions of Borel, A}, and Borel* from descriptive set
theory, the spaces w* and 2¥. A classical result in descriptive set theory states that the Borel class, the Al
class, and the Borel* class are the same. This doesn’t hold in generalized descriptive set theory as we will see.

Theorem 1.6 ([2], Thm 17). x-BorelC k-Borel*

Proof. Let us prove something even stronger. X is a k-Borel set if and only if there is a k-Borel*-code (T, h)
such that (T,h) codes X and T is a k™, w-tree.
Let us define the sets (B;);<,+ by:

e By ={N, | p€ 2"}, the set of basic open sets.

e If a = 8+ n for n an odd natural number and § a limit ordinal or 0, then B, = Bgy,—1 U{(1B| B C
Bgyn-1,| B|< K}

e If & = B +n for n an even positive natural number and /5 a limit ordinal or 0, then By, = Bgtpn—1 U{JB |
B c Bgtn-1, ‘ B ‘S K}'



e If o is a limit ordinal, then B, =4, Bs.

We will show by induction over « that for every X € B,,, there is a k-Borel*-code (T, h) such that (T, h) codes
X and T is a kT, w-tree.

For @ =0. If X € By, then T' = {0} and h(0) = X is a x-Borel*-code that codes X.

Suppose a = 8 + n for n an even natural number and  a limit ordinal or 0 is such that for all X € B,,
there is a k-Borel*-code (T, h) such that (T, h) codes X and T is a kT, w-tree. Suppose X € Bgini1, S0 either
X € By +nor X =B for some B C Bgy,, with | B |=v < k. Let B = {X,}i<y, by the induction hypothesis
we know that there are x-Borel*-code {(T}, h;)}i<~y such that (T}, h;) codes X; and T; is a £, w-tree, for all
i <. Let T = {r}UlU,.,Ti x {i} be the tree ordered by r < (z,j) for all (z,5) € U, Ti x {i}, and
(z,7) < (y,7) ifand only if ¢ = j and z < y in T;. Let T C k<% be a tree isomorphic to 7 and let G : T — T
be a tree isomorphism. If G(x) # r, then denote G(z) by (G1(x),Ga(x)). Define h by h(xz) =N if G(z) = r, and
h(z) = hg, () (G1(2)).

Let us show that (T, h) codes X. Let n € X, son € X; for all i <. If at the beginning I chooses z, then
IT follows the winning strategy from the game B*(Tg, (4, hg,(x),n), choosing the element given by Gl We
conclude that II 1 B*(T, h,n). Let n ¢ X, so there is i < y such that n € X;, so IT has no winning strategy for
the game B*(T;, h;,n). Since at the beginning I can choose x such that Gy(z) = 4, IT cannot have a winning
strategy for the game B*(T, h,n). Otherwise IT would have a winning strategy the game B*(T;, h;,n).

The case « = 8 + n for n an odd natural number and § a limit ordinal or 0 is similar, just make h(xz) = U
if G(z) = r when constructing (7', h).

Suppose « is a limit ordinal such that for all 5 < «, for all X € Bg, there is a xk-Borel*-code (T, h) such that
(T, h) codes X and T is a kT, w-tree. Let X € B, since By = Uy, Bs there is 8 < a such that X € Bg. By
the induction hypothesis, there is a x-Borel*-code (T, h) such that (T, h) codes X and T is a k™, w-tree. O

Second Session

Theorem 1.7 ([2], Thm 17). 1. k-Borel* C %1(k).
2. k-BorelC Y1 (k).
3. k-BorelC Al(k).
Proof. 1. Let X be a k-Borel* set, there is a x-Borel* code (T, h) such that X is coded by (T}, h).

Since k<" = k, we can code the strategies ¢ : T'— T by elements of k.

Claim 1.8. The set Y = {(n,£) | € is a code of a winning strategy for I in B*(T,h,n)} is closed.

Proof. Let (n,&) be an element not in Y. So £ is not a winning strategy for II in B*(T, h,n)}, there is
a < k such that for every ¢ € Ngjq, ¢ is not a winning strategy for II in B*(T, h,n)}. Otherwise T" would
have a branch of length x. Because of the same reason, there is 8 < & such that for every f € Ny;s,
¢ € N¢ja, € is not a winning strategy for IT'in B*(T, h, f)}. So Ny 15 X N¢jq is a subset of the complement
of Y. O

Since pr(Y) = X, we are done.
2. Tt follows from Theorem 1.6 and (1).

3. It follows from (2) and the fact that x-Borel sets are closed under complement.
O

It has been proved, under the assumption V = L, that x-Borel* = ¥1(k). It was first proved in [2] Theorem
18, the idea of this proof is to show that the filter of w-clubs is ¥} (x)-complete and xk-Borel*. This result was
later improve in [3] Theorem 7 to show that the relations E b 18 ¥1(k)-complete and x-Borel*, where n, £ € k*
are B, related if the set {a < r [ n(a) = §(@)} contains an p-club. Recently in [5] Theorem 3.1 these results
were improve to show that the inclusion modulo the non-stationary ideal (below) is ¥1(k)-complete, which
implies that the relations Eﬁ_club are X1 (k)-complete. Because of its applications for future sessions, we will
prove (under the assumption (V = L)) that the inclusion modulo the non-stationary ideal is X1 (k)-complete,

this will implies the consistency of x-Borel* = X1 (k).

Definition 1.9 (Inclusion modulo non-stationaries). For n,& € 2 and a stationary S C k, we write n Cg £ if

(n {1\ {1}) N S is non-stationary. If S = S}, we denoted Cg by E,,.



If @, and Q)2 are quasi-orders respectively on 2%, then we say that @ is Borel-reducible to Q)2 if there exists
a k-Borel map f: 2% — 2" such that for all 7,£ € 2% we have nQ1§ <= f(n)Q2f(£) and this is also denoted

by @1 <p Q2.
A quasi-order is X1 -complete, if it is X1 (k) and every X1 (k) quasi-order is Borel-reducible to it.

Theorem 1.10 ([5], Thm 3.1). (V = L) The quasi-order C,, is ¥{-complete, for every reqular yu < k.
To prove Theorem 1.10 we need to make some preparations before we start with the proof.

Definition 1.11. o Let us define a class function Fo: On — L. For all o, Fo () is a pair (X4, Cy) where
Xo,Cyo C o, if a is a limit ordinal, then C, is either a club or the empty set, and Co = ) when a is not
a limit ordinal. We let Fo(a) = (Xa,Ca) be the <p-least pair such that for all § € Co, Xg # Xoa N if
a 1s a limit ordinal and such pair exists and otherwise we let Fo(a) = (0,0).

o We let Co C On be the class of all limit ordinals o such that for all 5 < o, Fo | B € Ly. Notice that for
every regqular cardinal o, Co N is a club.

Definition 1.12. For a given reqular cardinal oo and a subset A C «, we define the sequence (X, Cy)yca to be
(Fo(7))yea, and the sequence (X ) ca to be the sequence of sets X, such that Fo(v) = (X, C,) for some C,.

By ZF~ we mean ZFC+(V = L) without the power set axiom. By ZF° we mean ZF~ with the following
axiom:

“For all regular cardinals p < « if (S, Dy)yea is such that for all v < «, Fo(y) = (S, D,), then
(Sy)yesg is a diamond sequence.”

Lemma 1.13 ([5], Lemma 3.4). (V = L) For any 31-formula ¢(n, x) with parameter x € 2%, a regular cardinal
u < K, the following are equivalent for all m € 27:

e o(n,z)
o S\A is non-stationary, where S = {a € S& | Xo =0 '{1} Na} and

A={aeConk|3IB>allg=EZF° Np(n | a,x | a)Ar(a))}
where r(a) is the formula “a is a regular cardinal”.
Now we sketch the proof of 1.10.

Proof of Theorem 1.10 (sketch). Suppose @ is a X1 quasi-order on 2.
There is a X1-formula of set theory ©(n, &) = ¥(n, &, z) = Jke(k,n, &, x) V= £ with € 2%, such that for
all , € € 2,

(n,€) € Q & ¥(n,§)

we added n = & to ¥(n,£), to ensure that when we reflect ¥(n | o, € | o) we get a reflexive relation. Let r(«)
be the formula “a is a regular cardinal” and ¥ (k) be the sentence with parameter » that asserts that 1 (n, &)
defines a quasi-order on 2*. For all € 2" and «a < &, let

Tn,a = {p €2° ‘ 36 > O[(L,@ ): ZFO /\w(pan fa’x fa) /\T(Oé) /\wQ(a))}

Let (Xa)aes;j be the diamond sequence of Definition 1.12, and for all a € Sﬁ, let X, be the characteristic
function of X,. Define F: 2" — 2% by

F(n)(a) =

1 ifX,e€T,qandac Sl'f
0 otherwise

Claim 1.14. F is a reduction of Q) into C,,.



Third Session

As it was sketch above, the combinatorial properties of L are essential for the reduction shown on Theorem
1.10. There are three different variations of Lemma 1.13, each variation is used to define a Borel reduction.

Lemma 1.15 ([2]). (V = L) For any X1-formula ¢(n,x) with parameter x € 2%, the following are equivalent
for allm e 27:
* ¢(n,z)
e A={a<k|3B>allsg =ZF Ne(n | a,z | a) Ar(a))} contains a club, where r(c) is the formula “o
is a reqular cardinal”.

This variation was the one used in [2] to prove Theorem 1.15.

Lemma 1.16 ([3]). (V = L) For any X:-formula p(n, z) with parameter x € 2%, a regular cardinal p < K, and
a stationary set S C Sy, the following are equivalent for all n € 2°:

* ¢(n,r)

e S\ A is non-stationary, where
A={aeS|3B>allgE=Eenlaz|a)Ar(a)Asa))}

where 7(a) is the formula “a is a regular cardinal”, and s(«) states that SNa is stationary and SNa C S
in the sense that we required B to be large enough to witness that every element of SN« has cofinality p.

This Lemma was the one used in [3] to show that the relations E}; ,, is ¥1(k)-complete under the assumption
V = L. This is different from Lemma 1.15 because of the stationary set S. At the same time, in Lemma 1.16 is
different from 1.13. In Lemma 1.16 S is fixed from the beginning and it is independent from 7 and in Lemma
1.13 S depends on 71 and the diamond sequence. This is the reason why Lemma 1.16 cannot be used to prove
Theorem 1.10, and the reason to use ZF® and Cs to fix a diamond sequence (X ) esx-

Proof of Theorem 1.13. Let 11 < k be a regular cardinal. Suppose that 7 € 2” is such that ¢(n, z) holds. Let 0
be a cardinal large enough such that
Ly |= ZF° Ap(n, @) Ar (k).

For each a < k, let
H(a) = Sk(aU {r,n,z})"

and H(a) the Mostowski collapse of H(a). Let
D={a<k|H(a)Nk=a}.

Then D is a club set and D N Cy is a club. Since H(«) is an elementary submodel of Ly and the Mostowski
collapse H () is equal to Lg for some B > a, we have D N Co C A.
Suppose 1 € 2% is such that ¢(n, x) does not hold. Let u < k be a regular cardinal. Let 6 be a large enough
cardinal such that
Lo = ZF° A—o(n, z) Ar(K).

Let C be an unbounded set which is closed under p-limits (a p-club). Let
H(a) = Sk(aU {k,C,n,z, (X, 07)7655})“.
Let
D={aeS;|H(a)Nk=a}

Notice that since H(«) is an elementary substructure of Ly, then H () calculates all cofinalities correctly below
. Then D is an unbounded set, closed under p-limits. Let S = {a € S)i | X, = 77 '{1} N} and ag be the
least ordinal in (lim, D) NS (where lim, D is the set of ordinals of D that are p-cofinal limits of elements of D).
Since aq € lim, D, o > p. By the elementarity of each H(a) we conclude that ag € C.

Let 3 be such that Lz is equal to the Mostowski collapse of H(ag). We will show that ag ¢ A. Suppose,
towards a contradiction, that ag € A, thus ag € Co N k. There exists S > ag such that

Ls | ZF° Ap(n | ag, @ | ag) Ar(ao).
Since ¢(n, z) is a ¥1-formula, 3 is a limit ordinal greater than .

Claim 1.17. Lg satisfies the following:



1. For all v € SN g, v has cofinality .
2. SN ag is a stationary subset of ag.
3. DN ag is a p-club subset of ag.

Proof. 1. H(ap) calculates all cofinalities correctly below ag. Thus Lz calculates all cofinalities correctly

below ag. Since 3 is greater than f3, Lg calculates all cofinalities correctly below ap. Since SNag C S}
in L, then SNap C S} holds in Lg.

2. Since ag € Co Nk and Lg satisfies ZF® and 7(ap), Lg satisfies that SN ap is a stationary subset of .

3. Let oo < ag be such that Lg = cf(o) = ¢ A U(D N a) = a, we will show that Lg = a € D Nag. Since
Lg calculates all cofinalities correctly below ag, L = c¢f (o) = uA J(DNa) = . D is a p-club in L, thus
LEaeD. Since a < ap, L Ea € DN apy. We will finish the proof by showing that L = a € DN ayg
implies Lg = a € D N ap.

Notice that H () is a definable subset of Ly and D is a definable subset of Ly. By elementarity, D N g
is a definable subset of H(ag), we conclude that D M g is a definable subset of Lz and D Nag € Lg.
Therefore Lg = o € D N ap.

O

O

Fourth Session

Let us continue with the proof of Theorem 1.10.

Proof.
Claim 1.18. Ifn Q &, then T)) o C Tt o for club-many o’s.

Proof. Suppose ¥(n, &, x) = Fkp(k,n, &, z) holds and let k witnesses that. Let 6 be a cardinal large enough such
that Ly = ZF® Ap(k,n,&,7) Ar(a). For all a < k let H(a) = Sk(a U {x,k,n,&,2})Ee. The set D = {a < & |
H(a)Nk=aAH(a) | ¥?(a)} is a club. Using the Mostowski collapse we have that

D ={a<k|3IB>allsEZF Ne(k [ a,n ] a,é]a,z]a)Ar(a) A9 (a))}
contains a club. For all « € D’ and p € T;, o we have that
I > alLg, | ZF° Ap(p,n [,z | @) Ar(a) A v ()

and
3B2 > a(Lp, = ZF Mp(n | e, € [ o, | @) Ar(e) Ap@(a)).

Therefore, for = max{51, S2} we have that
Lg EZF° Mp(p,n T oz [ ) Ap(n [ o€ T, [ a) Ar(a) Ay@(a).
Since 1@ (a) holds and so transitivity holds for ¢(n, &) in Lg, we conclude that
Lg | ZF° A(p, € [,z [ a) Ar(e) Ag9(a)
sop € Te o and T}, o C T . This holds for all a € D’. O

By the previous claim, we conclude that if n @ &, then there is a py-club C' such that for every a € C' it holds
that Xy € T)).o = Xo € T¢ o. Therefore (F(n) " H{1N\F()"H{1})NC =0, and F(n) C,, F(&).

For the other direction, suppose =t (n, &, x) holds. Let S = {a € S | X, = n~'{1} Na}. Since (X5 )vesy is
a diamond sequence, S is a stationary set. By Lemma 1.13 we know that S\ A is stationary, where

A={ae€eConk|3IB>alls EZF N)(n | a,& 1 o,z | ) Ar(a))}.

Since for all @ € S\A we have that X, = n7*{1} Na, so X, € T),o. We conclude that for all a € S\A,
F(n)(a) = 1. On the other hand, for all o € S\ A it holds that

VB > a(Lp = ZF° Np(n T o€ [ a2 | a) Ar(a))



S0
VB > a(Lg W~ ZF° ANp( Xy, € | a, 2 | @) Ar(a)).

Therefore
VB > a(Lg I ZF° Mp(Xa & T,z | @) Ar(a) Ay@(a))

we conclude that X, & T o, and F(§)(a) = 0. Hence, for all o € S\A, F(n)(a) =1 and F(&)(er) = 0. Since
S\A is stationary, we conclude that F(n) ' {1}\F (&) {1} is stationary and F(n) Z, F(&).
O

Theorem 1.19 ([2], Thm 18). (V = L) k-Borel* = %1(k).
Proof. Because of Example 1.1 and the previous Lemma, it is enough to prove the following Claim.
Claim 1.20. Assume f: 2% — 25 is a k-Borel function and B C 2% is k-Borel*. Then f~[B] is k-Borel*.

Let (T, Hg) be a k-Borel*-code for B. Define the k-Borel*-code (T4, H4) by letting Ts = T4 and H(b) =
f~1[Hp(b)] for every branch b of T. Let A be the r-Borel*-set coded by (Ta, Ha). Clearly, 11+ B*(Tg, Hg,n)
if and only if I1 1+ B*(Ta, Ha, f~1(n)), so f~1[B] = A. O

Theorem 1.21 ([10], Corollary 34). Suppose A and B are disjoint X1 (k) sets. There are r-Borel* sets Cy and
C4 such that A C Cy, B C C1, and Cy and C; are duals.

Theorem 1.22 ([2], Theorem 17). Ail(k) C k-Borel*
Lemma 1.23 ([4], Corollary 3.2). It is consistently that Al (k) C k-Borel* C %1(k).

Definition 1.24. Fiz a bijection m: k<% — K. For every n € k" define the L-structure A, with domain K as
follows: For every relation P, with arity n, every tuple (a1,as,...,a,) in " satisfies

(a1,a2,...,a,) € P;,‘L‘" > n(r(m,a1,a2,...,a,)) > 0.
Theorem 1.25 ([2], Theorem 18). 1. k-BorelT Af(k)
2. Af(k) C 2i(k)

Proof. 1. Let & — (T¢, he) be a continuous coding of the k-Borel*-codes with T' a kT w-tree, such that for all
kT w-tree, T, and h, there is € such that T¢, he = (T, h).

Claim 1.26. The set B = {(n,&) | n is in the set coded by (T¢, he)} is ©1(k) and is not k-Borel, otherwise
D ={n| (n,n) ¢ B} would be k-Borel (Hint: use the set C = {(n,&,0) | o is a winning strategy for IT in B*(T¢, he,n)}

Claim 1.27. There is A C 2¥ x 2% such that if B C 2% is a $1(k) set, then there is n € 2% such that
B ={¢](&n) € A} (Hint: the construction used in the classical case works too).

The set D = {n | (n,n) € A} is 1 (k) but not II} (k).

Question 1.28. Is it consistent that Al(k) = Kk-Borel* ?

Definition 1.29 (The isomorphism relation). Assume T is a complete first order theory in a countable vocab-
ulary. We define =1 as the relation

{(0,8) € 5" x r" [(Ay ET, Ac E T, Ay = Ag) or (Ay T, Ag = T)}-
Theorem 1.30 ([2], Theorem 70). If T is a classifiable theory, then =7 is Al(k).

Theorem 1.31 ([2], Theorem 87). Suppose that for all v < k, v < k and T is a stable unsuperstable countable
theory. Then E* <. =r. O

w-club —
Theorem 1.32 ([2], Theorem 79). Suppose that k = A\t =2 and A\<* = X,
1. If T is unstable or superstable with OTOP, then E3_;., <c .
2. If X\ > 2% and T is superstable with DOP, then Ei_club <. =2 O

Corollary 1.33. (V = L) Suppose that k is the successor of a reqular uncountable cardinal. If T is a non-
classifiable countable theory, then =t is a Xi-complete relation.



2 The Main Gap in the generalized Borel-reducibility hierarchy
Fifth Session

Shelah’s Main Gap Theorem states the following.

Theorem 2.1 ([11] Main Gap Theorem). For every T first order complete theory over a countable vocabulary.
Let I(T, o) denote the number of non-isomorphic models of T with cardinality a.. One of the following holds:

1. If T is shallow superstable without DOP and without OTOP, then Yo > 0 I(T,N,) < 3y, (| a ]).

2. If T is not superstable, or superstable and deep or with DOP or with OTOP, then for every uncountable
cardinal o, I(T, o) = 2%,

This gives us a notion of complexity, a theory is more complex if it has more models. Unfortunately, the main
gap also tells us that with this notion of complexity a theory T is either too complex, for every uncountable
cardinal o I(T, ) = 2%, or it is not so complex, i.e. Va > 0 I(T,X,) < 3, (| a |). The aim of study the
Main Gap in the generalized Borel reducibility hierarchy is to obtain a more refined complexity notion in which
different theories have different complexities, and satisfies a counterpart of the Main Gap theorem:

If Th and Ty are first order complete theories over a countable vocabulary such that Ty satisfies the first item
of the Main Gap and Ty satisfies the second item of the Main Gap theorem, then T} is less complex than Ts.

With the notions explained in the previous session, we can define the desire complexity notion:

T is as much as complex as Ty if and only =, <p=r,.

To study this notion of complexity for first order complete theories over countable vocabularies, we will
divide the theories in two classes (as the Main Gap suggested), classifiable and non-classifiable theories. The
only difference is that we will not require a theory to be shallow in order to be classifiable. Some authors require
shallow for classifiable theories, we will see why in our case it make sense to not require it.

Definition 2.2. o A first order complete theory over a countable vocabulary, T, is classifiable if it is super-

stable without DOP and without OTOP.

o A first order complete theory over a countable vocabulary, T, is non-classifiable if it satisfies one of the
following:

1. T is stable unsuperstable;
2. T is superstable with DOP;

3. T is superstable with OTOP;
4. T is unstable.

In previous sessions we saw that it is consistently true that if T} is classifiable and T5 is not classifiable then
=r, <p=r,, this is a consequence of the diamond principle. In particular in L all non-classifiable theories are
Y1-complete [5]. During the following lectures we will focus on the results of ZFC.

Classifiable Theories

Let us start with the case of classifiable theories. The following is the usual Ehrenfeucht-Fraissé game but coded
in a particular way for our purposes.

Definition 2.3. (Ehrenfeucht-Fraissé game) Fiz {Xy} <. an enumeration of the elements of P.(k) and
{f+}y<w an enumeration of all the functions with domain in P.(k) and range in P.(k). For every pair of
structures A and B with domain k and o < K, the EF%(A 1,,B [o) is a game played by the players I and IT as
follows.

In the n-th mowve, first I choose an ordinal 5, < o such that Xg, C o, Xg, , € Xp,, and then II an ordinal
0, < « such that dom(fy, ), rang(fe,) C a, Xg, C dom(fp,) Nrang(fe,) and fo, , C fo, (if n = 0 then
Xga, . =0 and fo, , =0). The game finishes after w moves. The player IT wins if Uicy, fo, : A la— B o is a
partial isomorphism, otherwise the player 1 wins.

We write I + EF5(A [, B [o) if I has a winning strategy in the game EFf(A [,,B [4). We write IT 1
EFZ(A [, B [4) if IT has a winning strategy.

Lemma 2.4 ([6], Lemma 2.4). If A and B are structures with domain k, then the following hold:
o IIt EFS (A K, B k)<= 111 EF:(A o, B [o) for club-many «.



e I1T EF:(A|Kk,B| k)<= 11 EFi(A s, Bla) for club-many .

Proof. Tt is easy to see that if o : k<% — k is a winning strategy for II in the game EF%(A | k,B | k), then
o | <% is a winning strategy for IT in the game EFZ (A [, B [o) if o[a<?*] C a. So II 1+ EF5(A [, B [,) for «
a closed point of o.

We conclude that if IT + EFZ(A | k,B | k), then II + EFZ(A [, B |o) for club-many «. The same holds
for I. To show the other direction, notice that EFZ (A | ,B | k) is a determined game, so if IT doesn’t have
a winning strategy, then I has a winning strategy. Therefore, if IT doesn’t have a winning strategy in the
game EFF (A [ k,B | k), then I 1 EFZ(A [, B [4) for club-many «, and II cannot have a winning strategy in
EF5(A [, B [4) for club-many . O

The reason to introduce these games is that we can characterize classifiable theories with these games.

Theorem 2.5 ([11], XIII Theorem 1.4). If T is a classifiable theory, then every two models of T that are
Lo . -equivalent are isomorphic.

Theorem 2.6 ([2], Theorem 10). Lo ,-equivalence is equivalent to EF-equivalence.

From these two theorems we know that if T' is a classifiable theory, then for any A and B models of T' with
domain k,

IITEF;(AB)«<— A>B
I1EF;(A,B) <= A% B.

From the previous Lemma we know the following two hold for any A and B models of a classifiable theory (with
domain &):

e A2 B<= 111 EF:(A |4, B |a) for club-many a.
e AZB<«=I1EF:(A]l,,B[,) for club-many .

Theorem 2.7 ([6], Theorem 2.8). Assume T is a classifiable theory and p < k a regular cardinal, then

~ K
=T SC E,u,-club'

Proof. Define the relation F,, C k" x&" by (1,£) € Fo if IL T EF5(A [, B [o). Define the reduction F : £ — "
as follows,

fola) ifef(a) = p, A, [of= T and F, is an equivalence relation

0 in other case

Fn)(a) = {

where f,(a) is a code in k\{0} for the F, equivalence class of A, [4.

Claim 2.8. There are club many a’s such that Fy, is an equivalence relation.
Proof. Tt follows by intersecting the clubs generated by the closed points of winning strategies. O
The previous observation finishes the proof. O

We conclude this section with a couple of observations. As a corollary of Theorem 1.21, A C s is a A}(k)
set if there is a k-Borel*-code (T, h), such that for all n € k" the game B*(T, h,n) is determined. By Theorems
2.4 and 2.6 we conclude that if T is classifiable, then =7 is a A} (k) equivalence relation (this is the prove of
Theorem 1.30). This is not the case for some non-classifiable theories.

Theorem 2.9 ([2], Theorem 71). If T is unstable, or superstable with OTOP, or superstable with DOP and
K > wi, then 2 is not a Al(k) equivalence relation.

~

Friedman, Hyttinen, and Kulikov proved in [2] the consistency of “~r is not A}l(k) for every stable unsu-
perstable theory 7.

Question 2.10. Is it consistently true that there is a stable unsuperstable theory T such that = is not a Al (k)
equivalence relation?

Finally, when T is classifiable and shallow the result is stronger, as the Main Gap suggest.

Theorem 2.11 ([2], Theorem 68). If k > 2, and T is classifiable and shallow, then =1 is a k-Borel equivalence
relation



Coloured Trees

To study the non-classifiable theories we need to introduce the coloured trees. Coloured trees are very useful
to reduce Ef ., or E._ ., to =r, for certain y and nonclassifiable theory T' (see [2], [3], [6], [9]). In [2] and
[3] the coloured trees used had height w + 2 and were used to study the case when & is a successor cardinal. In
[6] the coloured trees had height w + 2 and were used to study the case when  is an inaccessible cardinal. In
these lectures we will use the coloured trees of [9], i.e. trees of uncountable height and x inaccessible. Given
a tree ¢, for every x € t we denote the order type of {y € t|ly < z}. Let us define ¢, = {z € t|ht(z) = a}
and t<o = Ugcqtp, and denote by = [ « the unique y € ¢ such that y € t, and y < z. If 2,y € ¢t and
{z € t|]z < 2} = {z € t|z < y}, then we say that x and y are ~-related, x ~ y, and we denote by [z] the
equivalence class of x for ~. An «, S-tree is a tree t with the following properties:

e |[z]| < a for every x € t.

e All the branches have order type less than /3 in t.

e t has a unique root.

o If z,y € t, x and y has no immediate predecessors and x ~ y, then = = y.

Definition 2.12. Let A be an uncountable cardinal. A coloured tree is a pair (t,c), where t is a Kk, (A +2)-tree
and c is a map ¢ : ty — &\{0}.

Definition 2.13. Let (t,¢) be a coloured tree, suppose (In)a<y is a collection of subsets of t that satisfies:

e for each a < K, I, is a downward closed subset of t.

° Ua<mfa=t.
o ifa< B <K, then I, C Ig.

e if v is a limit ordinal, then I, = J, ., Lo

e for each a < K the cardinality of 1, is less than k.
We call (In)a<x a filtration of t.

Definition 2.14. Let t be a coloured tree and T = (Iy)a<s a filtration of t. Define Hz, € k" as follows.
Fiz o < k. Let By, be the set of all x € ty that are not in I, but x [ 8 € I, for all 6 < \.

o If B, is non-empty and there is 3 such that for all x € By, c(x) = (3, then let Hz (o)) = 3
o Otherwise let Hz () =0
We will call a filtration good if for every a, B, # () implies that c is constant on B,,.

Lemma 2.15 ([9]). Suppose (to,co) and (t1,c1) are isomorphic coloured trees, and T = (In)a<rs and J =
(Ja)a<w are good filtrations of (to,co) and (t1,c1) respectively. Then Hz i, EX 0 Ho.t,

Proof. Let F : (tg,co) — (t1,¢1) be a coloured tree isomorphism. Define F'Z = (F[I,])a<k. It is easy to see
that F'[I,] is a downward closed subset of t;. Clearly F[I,] C F[Ig] when oo < 8 and for v a limit ordinal,
Ua<yF[1a) = F[I,]. If x € t; then there exists y € tp and o < & such that F(y) = « and y € I,, therefore
x € F[I,] and Uy, F[I,] = t1. Since F is an isomorphism, |F[I,]| = |I,| < & for every a < k. So FZ is a
filtration of t;.

For every o, BZ # () implies that BEZ # ). On the other hand, Z is a good filtration, then when BZ # (), c; is
constant on BZ. Since F' is colour preserving, c; is constant on BEZ, we conclude that FZ is a good filtration
and Hz (o) = Hpz 1, ().

Notice that F[I,] = J, implies Hz 4, () = H7 4, (c). Therefore it is enough to show that C = {«|F[I,] = Ju
is an A-club. By the definition of a filtration, for every sequence (;)i<g in C, cofinal to v, J, = U, .9 Ja;, =
Uico Flla,] = F[1,], so C is closed. To show that C' is unbounded, choose o < . Define the succession (a;)i<x
by induction. For i = 0, ag = a. For every limit ordinal «, when n is odd let o 4,41 be the least ordinal
bigger than a4, such that F[l, , .| C Ja. .., (such ordinal exists because r is regular, and J and F'Z are
filtrations, specially |F[I,. ]| < ). For every limit ordinal , when n is even let a4, 41 be the least ordinal
bigger than a4, such that J, ., C F[l, ,,.,] (such ordinal exists because « is regular, and J and FZ are
filtrations, specially |Ja,| < £). Define a, = U, s, then Jo, = U;, Ja; = Ui, Flla;] = Flla,]. Clearly
Ui<>\ Jo; = Ui</\ F[Iai] and U;<)a; € C. ]
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Order the set Ax kX k X k X k lexicographically, (a1, ae, as, ag, as) > (51, B2, B3, Ba, Bs) if for some 1 < k < 5,
ay > B and for every i < k, a; = B;. Order the set (A x k X Kk X k X k)= as a tree by inclusion.
Define the tree (If,dys) as, Iy the set of all strictly increasing functions from some 6 < X to x and for each 7
with domain A, dy(n) = f(sup(rang(n))).
For every pair of ordinals a and 8, a < § < k and ¢ < A define

U {n:i,j) = o, B)|n strictly increasing}.
1<j<A

Definition 2.16. Assume K is an inaccessible cardinal. If a < f < k and «, 3,7 # 0, let {Pff’ﬁh < Kk} be an
enumeration of all downward closed subtrees of R(c, B,4) for all i, in such a way that each possible coloured tree
appears cofinally often in the enumeration. And the tree Py is (I7,dy).

This enumeration is possible because & is inaccessible; there are at most
|Uica P(R(a, B,1))] < A X & =k downward closed coloured subtrees, and at most k£ x <" = & coloured trees.
Denote by Q(Pﬁ"ﬁ) the unique ordinal number 7 such that pgz,ﬂ C R(a, 8,1).

Definition 2.17. Assume k is an inaccessible cardinal. Define for each f € k" the coloured tree (Jg,cy) by the
following construction.

For every f € k% define Jy = (Jg,cf) as the tree of alln: s — X x k*, where s < X\, ordered by extension, and
such that the following conditions hold for alli,j < s:

Denote by n;, 1 < i <5, the functions from s to k that satisfies, n(n) = (m(n),n2(n), ns(n), na(n),ns(n)).

1. nlnelJy foralln <s.
2. n is strictly increasing with respect to the lezicographical order on A x k*
8. () <mG+1) <m)+1.

4. (i) = 0 implies (i) = ns(i) = ma(3) = 0.

5. ma(2) > n3(2) implies n2(i) = 0.

6. m (i) <m(i+ 1) implies ma(i + 1) > n3(i) + na(i).

7. For every limit ordinal o, (o) = supg<a{nk(B8)} for k € {1,2}.

8. m(i) = m(j) implies (i) = mi(j) for k € {2,3,4}.

9. If for some k < X, [i,5) = ny *{k}, then

) c Pnz(l) n3 (i )

775[[ 04 (i)

Note that 7 implies Q(P:}h(;) 3 (1 )) = 1.
10. If s = A, then either

(a) there exists an ordinal number m such that for every k < m ni(k) < ni(m), for every k' > m
2(m),ns(m)

m (k) = m(m), and the color of 1 is determined by P" s ()

cr(n) = cns [ [m, A))

p’lz(m) Us(m)

where ¢ is the colouring function of 1 (m)

or
(b) there is no such ordinal m and then c;(n) = f(sup(rang(ns))).
Lemma 2.18 ([9]). Assume k is an inaccessible cardinal, then for every f,g € k" the following holds
f E;—club g< Jf = Jg
Proof. By Lemma 2.4, it is enough to prove the following properties of J

1. There is a good filtration Z of Jy, such that Hz ;. EY_ ., f-
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2. If f EX 1 9> then Jy 22 J,.

Notice that for any k € rang(m) if n5 | [i,7) € P:j((;))’mm, when [i,5) = n; '(k) and if i + 1 < j, then 05 | [4, )
is strictly increasing. If 71 (4) < m1(¢ + 1), by Definition 2.6 item 6, n2(i + 1) > n3(i) + na(i), so n5(7) < n3(i) <
ne(i+1) <ns(i+1). If a is a limit ordinal, by Definition 2.6 items 7 and 8, 15(8) < n2(8+ 1) < n2(e) < ns(w)
it holds for every 8 < a. Thus 75 is strictly increasing. If n [ n € J; for every n, then n € J¢. Clearly every
maximal branch has order type A+ 1, every chainn [ 1 Cn [2Cn |3 C ... of any length, has a unique limit in
the tree, and every element in tg, § < A, has an infinite number of successors (at most ), therefore J; € CT).

For each o < k define J]?‘ as

J¢ ={n € Jslrang(n) C A x (8)* for some 8 < a}.

Suppose rang(m) = A. As it was mentioned before, 75 is increasing and sup(rang(ns)) > sup(rang(ns)) >
sup(rang(nz)). By Definition 2.6 item 6 sup(rang(nz)) > sup(rang(ns)) and sup(rang(nz)) > sup(rang(ns)),
this lead us to

sup(rang(ns)) < sup(rang(ns)) = sup(rang(ns)) = sup(rang(n2)). (1)
When 7 [ k € J§ holds for every k € A, it can be concluded that sup(rang(ns)) < a, if in addition n ¢ J§, then

sup(rang(ns)) = a. (2)

Claim 2.19. Suppose & € J§ and n € Jy. If dom(§) a successor ordinal smaller than X, £ C n and for every k
in dom(n)\dom(§), m (k) = & (maz(dom(€))) and m (k) > 0, then n € J§.

Proof. Assume &, 7 € Jy are as in the assumption. Let 8; = & (max(dom())), for i € {2,3,4}. Since § € J¢,
then there exists 8 < « such that (2, 85,84 < 8. By Definition 2.6 item 8 for every k € dom(n)\dom(§),
ni(k) = B; for i € {2,3,4}. Therefore, by Definition 2.6 item 9 and the definition of ng’ﬁf’, we conclude
ns(k) < B3 < B, son € Jg. 0

Claim 2.20. |J¢| =k, J = (J§)a<x is a good filtration of Jy and Hyz j, EX .5 f

Proof. Clearly Jy = Ua<yJ?, J7 is a downward closed subset of J¢, and J§ C Jf when a < . Since k is
inaccessible, we conclude |J¢| < and |J¢| = . Finally, when 7 is a limit ordinal

Ji = {n€ Js3B8 <q(rang(n) Ccw x (B)")}
= {n€ JyF3a <7,38 <a(rang(n) Cw x (B)")}
= Ua<’y J]?

Suppose a has cofinality A, and n € Jf\J;‘ satisfies n [ k € J§ for every k < A. By the previous claim, 7
satisfies Definition 2.6 item 10 (a) only if 1, (n) = 0 for every n € A. So 71, 12, 13 and 74 are constant zero, and
¢;(n) = dg(ns), where dj is the colouring function of Py® = Iy, ¢f(n) = f(sup(rang(ns))). When 7 satisfies
Definition 2.6 item 10 (b), cs(n) = f(sup(rang(ns))).

In both cases, ¢f(n) = f(c). Therefore, if B, # 0 then ¢y is constant on B, and J is a good filtration.

By Definition 2.3 and since J is a good filtration, Hz j,(a) = f(c). O

Claim 2.21. If f EY ., 9, then Jp =2 J,.

Proof. Let C" C {a < k|f(c) = g(a)} be an A-club testifying f E% .., g, and let C' D C’ be the closure of C’
under limits. By induction we are going to construct an isomorphism between J; and J,.

We define continuous increasing sequences («;);<, of ordinals and (F,,);<, of partial color-preserving isomor-
phism from Jy to J,; such that:

a) If i is a successor, then «; is a successor ordinal and there exists § € C such that a;—1 < 8 < o; and thus
if 7 is a limit, a; € C.

b) Suppose that ¢ = v + n, where v is a limit ordinal or 0, and n < w is even. Then dom(F,,) = J]‘?"
¢) Suppose that ¢ = v + n, where v is a limit ordinal or 0, and n < w is odd. Then rang(Fy,,) = Jg
d) If dom(&) < A, £ € dom(Fy,), n | dom(§) = & and for every k > dom(§)

m(k) = &i(sup(dom())) and ny (k) > 0
then ) € dom(F,,). Similar for rang(F,,).

i

e) If £ € dom(F,,) and k < dom(§), then & [ k € dom(Fy,;).
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f) For all n € dom(Fy,), dom(n) = dom(Fy,,(n)).

i

For every ordinal o denote by M (a) the ordinal that is order isomorphic to the lexicographic order of A x a.

First step (i=0).

Let a9 = B+ 1 for some € C. Let v be an ordinal such that there is a coloured tree isomorphism
h: P,?’M(B) — JJ?O and Q(PS’M(B)) = 0. It is easy to see that such v exists, by the way our enumeration
was chosen.

Since P$ M) and J¢ are closed under initial segments, then |dom(h=1(n))| = |dom(n)|. Also both domains
are intervals containing zero, therefore dom(h=1(n)) = dom(n).

Define Fy, (1) for n € J3* as follows, let F,(n) be the function § with dom(§) = dom(n), and for all £ < dom(§)

o &(k) =h71(n)(k)
To check that £ € J,;, we will check every item of Definition 2.6. Since rang(Fy,) = {1} x {0} x {M(B8)} x {v} x
P,?’M(B), ¢ satisfies 1. Also & = h™1(n) € PB’M(ﬁ), by definition of P$’B, we now that &5 is strictly increasing
with respect to the lexicographic order, then ¢ satisfies item 2. Notice that £ is constant in every component
except for &5, therefore ¢ satisfies the items 3, 6, 7, 8, 10 (a). Clearly &; (i) # 0, so £ satisfies item 4. Since
& (k) = 0 for every k, then ¢ satisfies 5. Notice that [0,\) = & '(1) but ng((:))’&(k) = Pg’M(ﬁ) for every k,

therefore &5 € ng(((?)),gs(o) and & satisfies 7.
Let us show that the conditions a)-f) are satisfied, the conditions a) and ¢) are clearly satisfied. By the way
Fo, was defined, dom(Fy,) = J7° and dom(n) = dom(Fy,(n)), these are the conditions b), e) and f). Since
dom(Fy,) = J¢°, the Claim 2.7.1 implies d) for dom(Fy,). For d) with rang(Fy,), suppose £ € rang(Fo,)

and 7 € J, are as in the assumption. Then 71 (k) = & (k) = 1 for every k < dom(n), by 8 in J, we have that
ne(k) = & (k) =0, n3(k) = &3(k) = M(B) and na(k) = &a(k) =~y for every k < dom(n). By 9in Jy, 5 € P,?’M(ﬁ)
and since rang(F,,) = {1} x {0} x {M(B)} x {7} x PE’M([B), we can conclude that n € rang(Fy,).

0Odd successor step.

Suppose that j < k is a successor ordinal such that j = 8; + n; for some limit ordinal (or 0) 5; and an odd
integer n;. Assume o and F,, are defined for every ! < j satisfying the conditions a)-f).

Let o = B+ 1 where 3 € C is such that § > «a;_; and rang(F,, ,) C Jgﬁ, such a [ exists because
Irang(F.,, )| < 2l®-1] and & is strongly inaccessible.

When 7 € rang(F,,_,) has domain m < A, define

W(n) = {Cldom(C) = [m, s),m < s < X,n~(m,((m)) ¢ rang(Fa,_,) and n~ ¢ € Jg7}

j—1

with the color function ¢y () (¢) = ¢4(n~¢) for every ¢ € W(n) with s = A. Denote ¢ = F;! (n), a =

&(m —1) + & (m —1) (if m is a limit ordinal, then o = supg<n&2(0)) and 0 = a + M(«;). Now choose an
ordinal ~, such that Q(P%;a) = m and there is an isomorphism h,, : P%I’g — W(n). We will define F,; by
defining its inverse such that rang(Fy,) = Jy".

Each n € Jy7 satisfies one of the followings:

(*) nerang(Fa,_,).
(**) Im < dom(n)(n ' m € rang(Fo, ,) An | (m+1) ¢ rang(Fa,_,)).
(%) vm < dom(n)(n [ (m +1) € rang(Fu,_,) An ¢ rang(Fa,;_,))-

We define § = F, L(n) as follows. There are three cases:

Case 7 satisfies ().
Define ¢(n) = Fojj{1 (n)(n) for all n < dom(n).

Case n satisfies (xx).

This case is divided in two subcases, when m is limit ordinal and when m is successor ordinal. Let m witnesses
(**) for n and suppose m is a successor ordinal. For every n < dom(§)
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e If n <m, then {(n) = F; 1 (n ] m)(n).

Aj—1

e For every n > m. Let

I
223
—
—~

3

= &(n) = Iy, (0 1 [m, dom(n)))(n)

Note that, n [ [m,dom(n)) is an element of W (n | m), this makes possible the definition of &;.

Let us check the items of Definition 2.6 to see that £ € J¢. Clearly item 1 is satisfied. By induction hypothesis,
& I'm is increasing, & (m) =& (m —1) + 1 s0 {(m — 1) < &(m), and & is constant on [m, \) for k € {1,2,3,4},
since h; rlm(n) € P,?‘f, then &5 is increasing, and we conclude that £ is increasing with respect to the lexicographic
order, so £ satisfies item 2. Also we conclude &;(7) < &(i+1) < & (4) + 1, so € satisfies item 3. For every ¢ < A,
&1(i) = 0 implies ¢ < m, so £(i) = chjal(n I m)(¢) and by the induction hypothesis £ satisfies item 4. By the
induction hypothesis, £ [ m € Jg, since &a(n) = £3(m — 1) 4+ &4(m — 1) holds for every n > m, we conclude that
¢ satisfies 5. By the induction hypothesis, for every i +1 < m, & (i) < & (i + 1) implies & (i + 1) > &5(4) + €4(4),
on the other hand & (i) = &1 (j) implies & (i) = & (4) for k € {2,3,4}, clearly &(m) > &3(m — 1) + & (m — 1)
and & (i) = &, (i + 1) for i > m and k € {2, 3,4}, then ¢ satisfies items 6 and 8.

By the induction hypothesis, £ [ m € Jy, since &1(n) = &(m — 1) + 1 and &a(n) = §3(m — 1) + &a(m — 1)
hold for every n > m, we conclude that & satisfies 7. Suppose [i,) = & (k) for some k in rang(¢). Either

j <morm =14 Ifj < m, by the induction hypothesis & [ [i,7) € ng((;))’gg(i), if [¢,4) = [m,dom(&)), then
&1 [6,4) = h;rlm(n I [m,dom(§))) € ng((;”))’gg‘(m), ¢ thus satisfies item 9. Since £ is constant on [m, \), &

satisfies 10 (a). Finally by item 10 (a) when dom({) = A, ¢f(§) = c(& | [m,\)), where ¢ is the color of

ng((::))’&’(m). Since &5 | [m,\) = h;rlm(n [ [m, N), ¢f(€) = c(hy . (n T [m, A))) and since h is an isomorphism,

cr(&) = cwmi,) (0 I Im, X)) = cq(n).

Let m witnesses (**) for  and suppose m is a limit ordinal. For every n < dom(§)

o If n < m, then {(n) = Fojjal(n ' m)(n).

e For every n > m. Let

Note that, n | [m,dom(n)) is an element of W (n [ m), this makes possible the definition of &;.

Let us check the items of Definition 2.6 to see that £ € Jy. Clearly item 1 is satisfied. By induction hypothesis,
& | m is increasing, & (m) = supg<m&1(0) so £(0) < £(m) for every 6 < m, and & is constant on [m,\) for
k € {1,2,3,4}, since h;rlm(n) € P%l’e, then &5 is increasing, and we conclude that £ is increasing with respect
to the lexicographic order, so & satisfies item 2. Also we conclude &;(¢) < & (i +1) < &(4) + 1, so & satisfies
item 3. For every i < A, & (i) = 0 implies i < m, so £(i) = F,;Jl_l(n I 'm)(i¢) and by the induction hypoth-
esis ¢ satisfies item 4. By the induction hypothesis, £ [ m € Jy, since £2(n) = supg<m&a(f) holds for every
n > m, we conclude that ¢ satisfies 5. By the induction hypothesis, for every i +1 < m, & (i) < &(i + 1)
implies &2(i + 1) > &3(i) + £4(7), on the other hand & (7) = &1 (j) implies &k (7) = &k (j) for k € {2,3,4}, clearly
&a(m) > supp<m&3(0) and &k (i) = &k (j) for 7,4 > m and k € {2,3,4}, then £ satisfies items 6 and 8.

By the induction hypothesis, £ [ m € Jy, since &(n) = supg<méi(8) and &(n) = supg<m&2(8) hold for ev-
ery n > m, we conclude that ¢ satisfies 7. Suppose [i,j) = & (k) for some k in rang(¢). Either j < m
or m = i, notice that if i < m < j, then n [ (m +1) € rang(F,,_,)). If j < m, by the induction hypoth-
esis & | [i,7) € P, it [i,5) = [m,dom(€)), then & | [i,5) = hyihu(n | [m,dom())) € PEn)*0™),
¢ thus satisfies item 9. Since £ is constant on [m, ), & satisfies 10 (a). Finally by item 10 (a) when
dom() = X, ¢p(§) = (&5 | [m,\)), where ¢ is the color of PE2(""4(™ Since & | [m,A) = hy b, (0 | [m, \)),

cr(€) = c(h;ﬁm(n [ [m, A))) and since h is an isomorphism, c;(£) = cw(y1,.) (0 [ [m, X)) = c4(n).

Case 1 satisfies (x * ).
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Clearly dom(n) = A, by the induction hypothesis and condition d), rang(n) = A, otherwise n € rang(Fa,_,).
Let Fojj1 ) =¢= Un<AFDjj{1(n [ n), by the induction hypothesis, £ is well defined. Since for every n < A,
& neJg, then £ € Jy. Let us check that ¢f(§) = ¢4(n). First note that £ ¢ J}xj’l, otherwise by the induction
hypothesis f),

Faj—l(g) = U Faj—l(£ fn) = U n fnzﬁ

n<A n<A
giving us n € rang(Fy,_,). By the equation (2), sup(rang(§s)) = a;_1 and ¢ satisfies item 10 b) in J¢, therefore
cf(§) = f(aj-1). Also by the definition of J¢ and since { [ n € J?”l for every n < A, a;_1 is a limit ordinal and
by condition a), j — 1 is a limit ordinal and a;_; € C. The conditions b) and c) ensure rang(Fy, ;) = J?j_l.
This implies, n ¢ J?j’l. By the equation (2), sup(rang(ns)) = a;_1. Therefore o;_; has cofinality A, a;j_1 € C’
and f(aj-1) = g(ej—1). By item 10 b) in Jy, ¢4(n) = g(aj—1) = flaj-1) = ¢ (§).

Next we show that F|,, is a color preserving partial isomorphism. We already showed that F,,, preserve the
colors, so we only need to show that
NG Es FL(n) C FLH(E) 3)

From left to right.

When 7,¢ € rang(F,,_,), the induction hypothesis implies (3) from left to right. If n € rang(F,,_,) and
& ¢ rang(F,,_,), the construction implies (3) from left to right. Let us assume n,& ¢ rang(F,,_,), then n,&
satisfy (**). Let m; and ms be the respective ordinal numbers that witness (**) for n and &, respectively. Notice
that ma < dom(n), otherwise, n € rang(F,, ,). If my < ma, clearly n € rang(F,, ,) what is not the case. A
similar argument shows that ms < mj cannot hold. We conclude that m; = ms and by the construction of
Fo,, F5H(n) € FH8)-

From right to left.

When 7,¢ € rang(F,,_,), the induction hypothesis implies (3) from right to left. If n € rang(F,,_,) and
& ¢ rang(F,, ,), the construction implies (3) from right to left. Let us assume 7,§ ¢ rang(Fy,_,), then n,¢
satisfy (**). Let m; and mgy be the respective ordinal numbers that witness (**) for n and ¢, respectively.
Notice that my < dom(n), otherwise, F3'(n) = F; ' () and n € rang(F,,_,). Let us denote by 6 the inverse
map ;! (e.g. 6(¢) = F'(¢)), and the first component by 61 (e.g. 61(¢) = F; ' (()1)-
If my < mg and ms is a successor ordinal, then

01(n)(m2 — 1)

A

If m1 < mo and mo is a limit ordinal, then

= (0(8) lma)1(7)

< Supn<m201 (5 rmz)(n)
= 01(n)(m2)

= 6i(n)().

This cannot hold. A similar argument shows that mo < m; cannot hold. We conclude that m; = mso.
By the induction hypothesis Fojiil(n ' my) = Fojiil(f [ mg) implies n [ mq = & [ ma (also implies hyjm,

Yy € [mi,ma) 01(n)(7)

B¢tms,). Since Fib (n | my)(n) = Fi'(n)(n) for all n < my, we only need to prove that 1 | [my,dom(n)) C

& | [ma,dom(£)). But hypp, is an isomorphism and F, '(n)s(n) = F, '(£)s(n) for every n > my, so h;ﬁml (n1

(23

[m1,dom(n)))(n) = hgﬁm (& T [ma,dom(§)))(n). Therefore n | [my,dom(n)) C & | [ma, dom(£)).

Let us check that this three constructions satisfy the conditions a)-f).

When i is a successor we have a;—1 < < a; = B+ 1 for some § € C, this is the condition a). Clearly the three
cases satisfy b). We defined F, ! according to (*), (**), or (***); since every n € Jg satisfies one of these, we
conclude rang(F,,) = Jg7 which is the condition c).

Let us show that the F,, satisfy condition d). Let £ and n be as in the assumptions of condition d) for
domain. Notice that if £& € dom(F,,_,) then the induction hypothesis ensure that n € dom(F,,;). Suppose
& ¢ dom(Fy,_,), then Fy, (&) ¢ rang(F,,_,). Since dom(§) < A, so Fy, () satisfies (**). Let m be the number
witnessing it. If m is a limit ordinal, then dom(§) > m + 1, therefore £ | m+1 € JJ?” and by Claim 2.7.1
n € J¢*. If m is a successor ordinal, then { € J§* and by Claim 2.7.1 € J{*. By item 8 in J¢*, n is
constant on [m,dom(n)) for k € {2,3,4}, now by Definition 2.6 item 9 in J¢*, n5 [ [m,dom(n)) € P%En Let
C = hﬁfm(n[m,dom(n)))a then n= Fozl(Fai (5 [ m)AC) and ne dom(Faq‘,)'

Using the same argument, the condition d) can be proved.
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For the conditions e) and f), notice that { was constructed such that dom(§) = dom(n) and £ [ k € dom(Fy,)
which are these conditions.

Even successor step.

Suppose that j < k is a successor ordinal such that j = 8; + n; for some limit ordinal (or 0) §; and an even
integer n;. Assume o, and F,, are defined for every ! < j satisfying conditions a)-f).

Let a; = f+1 where 3 € C such that 8 > a;_1 and dom(F,,_,) C J?, such a 8 exists because |[dom(Fy,_, )| <
2lei-1l and k is strongly inaccessible. The construction of F,, such that dom(Fy;) = J§* follows as in the odd
successor step, with the equivalent definitions for dom(Fy,) and JJ?‘ Notice that for every n € J?j, there are
only the following cases:

(*) n € dom(Fy,_,).
(**) Im < dom(n)(n [ m € dom(Fu,_,) An | (m+1)¢&dom(Fy,_,)).

Limit step.

Assume j is a limit ordinal. Let a; = U;<j; and Fy, = U;<;Fy,, clearly F, : J?j — Jy and satisfies condition
c). Since for ¢ successor, «; is the successor of an ordinal in C, then a; € C' and satisfies the condition a). Also
F,, is a partial isomorphism. Remember that U;<; J}’” = J?j, the same for J;. By the induction hypothesis
and the conditions b) and c) for i < j, we have dom(F,,) = J;” (this is the condition b)) and rang(F.;) = J5".
This and Claim 2.7.1 ensure that condition d) is satisfied. By the induction hypothesis, for every i < j, Fy,

satisfies conditions e) and f), then F,; satisfies conditions e) and f). O
Define F' = U< F,,, clearly, it is an isomorphism between J; and Jj. O
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