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ABSTRACT. We answer one of the main questions in generalized descriptive set
theory, the Friedman-Hyttinen-Kulikov conjecture on the Borel reducibility
of the Main Gap. We show a correlation between Shelah’s Main Gap and
generalized Borel reducibility notions of complexity. For any x satisfying k =
AT = 2* and 2¢ < X\ = A\¥1, we show that if T is a classifiable theory and T
is a non-classifiable theory, then the isomorphism of models of T” is strictly
above the isomorphism of models of T" with respect to Borel reducibility.

We also show that the following can be forced: for any countable first-order
theory in a countable vocabulary, T', the isomorphism of models of T is either

analytic co-analytic, or analytically-complete.
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1. INTRODUCTION

In this article we show a correlation between Shelah’s classification theory and
Friedman-Stanley Borel reducibility. Two different methods to classify first-order
countable complete theories developed in the 1980’s, the former one from model
theory and the latter one from set theory.

One of the classic problems in mathematics is the independence of Euclid’s fifth
postulate, the parallel postulate. In their approach to the problem, Khayydm (1077)
and Saccheri (1733) considered the three different cases of the Khayydm-Saccheri
quadrilateral (right, obtuse, and acute). These three cases correspond to Euclidean
geometry, Elliptic geometry, and Bolyai-Lobachevsky geometry (Hyperbolic geom-
etry). This exemplifies how mathematicians are interested in the different models
of a theory. This interest is more notorious in logic, where the study of the models
of a theory is a central topic. In particular the study of the spectrum function
I(\,T), the number of non-isomorphic models of cardinality A of a theory T', was
studied by many mathematicians in the 20th century.

The most “simple” case for the spectrum function would be when it takes values
in the set {0,1}. In 1904 Veblen introduced the notion of categorical theory [56],
a theory is categorical if it has a model and all its models are isomorphic. In the
language of the spectrum function, a theory 7' is categorical if there is a cardinal A
such that I(\,T) = 1 and for all cardinals k # A, I(k,T) = 0. In 1915 Léwenheim
proved one of the first results of model theory [29], the Lowenheim-Skolem theorem
(it was also proved by Skolem in 1920 [49]). The Léwenheim-Skolem theorem for
first-order countable theories tells us that if a first-order countable theory has an
infinite model, then for every infinite cardinal A, there is a model of cardinality
A. This implies that there is no first-order countable categorical theory with an
infinite model.

It is surprising that this result came before Godel’s completeness theorem, one
of the classic results of logic. Godel’s completeness theorem was proved initially in
his Ph.D. thesis [12] in 1929 and published later [13] in 1930. It tells us that if a
theory T is consistent, then there is a model of T'. This is one of the fundamental
results of logic.

In 1954 Los [27] and Vaught[54] introduced the notion of k-categorical theory. A
theory T is k-categorical if there is only one model of T of size k up to isomorphism.
A theory T is categorical in k if T' is k-categorical. Lo$ announced that he had
found three kinds of x-categorical first-order countable complete theories:

e Totally categorical: I(k,T) = 1 for every infinite cardinal x.

e Uncountably categorical: I(x,T) =1 if and only if £ is an uncountable
cardinal.

e Countably categorical: I(x,T) =1 if and only if x is countable.

Lo$ raised the following question about first-order countable complete theories:

Is a theory categorical in one uncountable cardinal necessarily categorical in every
uncountable cardinal?

In 1965 Morley answered Lo$’s question with his categoricity theorem [38].

Fact 1.1 (Morley’s categoricity theorem, Theorem 5.6 [38]). Let T be a first-order
countable complete theory. If T is categorical in one uncountable cardinal, then T
is categorical in every uncountable cardinal.

Morley’s work motivated the study of the spectrum function in more detail. In
the 1960’s it was conjectured that for every first-order countable complete theory
over a countable language, T', and for all Ry < k < A,

I(k,T) < I\ T).
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This conjecture is known as Morley’s conjecture. In 1969 [42], Shelah generalized
Morley’s theorems from [38]. During the 1970’s Shelah extended Morley’s theories,
this lead to the develop of stability theory and the program of classification the-
ory. To answer Morley’s conjecture, Shelah studied the spectrum problem. In his
book “Classification theory”, [47], Shelah published his renowned result The Main
Gap. With his classification theory program, Shelah was able to answer Morley’s
conjecture.

Fact 1.2 (Main Gap, Shelah [47, XII, Theorem 6.1]). Let T be a first order count-
able complete theory and denote by I(A\,T) the number of non-isomorphic models
of T of size \.
(1) If T is not superstable or (is superstable) deep or has the DOP or has the
OTOP, then for every uncountable A, I(\,T) = 2*.
(2) If T is shallow superstable without the DOP and without the OTOP, then
for every a > 0, I(R,, T) < o, (J])-

Fact 1.3 (Morley’s Conjecture, Shelah [47, XIII, Theorem 3.7]). Let T be a count-
able complete first-order theory. Then for X\ > p > Vo, I(\,T) > I(u, T) except
when A > p = Vg, T is complete, Ny -categorical not Ry-categorical.

In 2000 Hart, Hrushovski, and Laskowski extended Shelah’s work and gave a
complete solution to the spectrum problem for countable theories in uncountable
cardinalities, see [14] where all possible values of I(A,T') are given.

Thanks to these results we can see that there is a notion of complexity associated
to the value of I(A\,T), i.e. the more models a theory has at a fixed uncountable
cardinal, more complex the theory is. However this notion of complexity doesn’t
tell us anything about how to compare the complexity of theories with 2* non-
isomorphic models, i.e. theories in the first item of Fact 1.2.

We can use the proof of Fact 1.2 to understand the complexity of some theories.
To prove Fact 1.2, Shelah used his method of dividing lines. Shelah used stability
theory to defined the different dividing lines. Denote by S™(A) the set of all
consistent types over A in m variables (modulo change of variables), and S(A4) =
Um<wS™(A).

e We say that T is &-stable if for any set A, |A] <&, |S(A)] <&.
We say that T is stable if there is an infinite £, such that T is £-stable.
We say that T is unstable if there is no infinite &, such that 7" is &-stable.
We say that T is superstable is there is an infinite £ such that for all £ > &,
T is £'-stable.

The main dividing line in Fact 1.2 is classifiable theories vs non-classifiable the-
ories. This line is defined by using the notion of stable theory, the OTOP, and the
DOP.

Definition 1.4 (OTOP). A theory T has the omitting type order property (OTOP)
if there is a sequence (@, )m<w of first order formulas such that for every linear order
[ there is a model M and n-tuples a; (¢t € 1) of members of M, n < w, such that
s < t if and only if there is a k-tuple ¢ of members of M, k < w, such that for every
m < w,

M E on(c,as, at).

The non-forking notion | and the isolation notion F% (Chapter 4 [47]) are needed
to define the DOP.

Definition 1.5 (DOP). A theory T has the dimensional order property (DOP)
if there are F%-saturated models (M;);<s, Mo C My N Ma, My |p, Ma, and the
FS-prime model over M; U Ms is not F%-minimal over My U Ma.



4 MIGUEL MORENO

Definition 1.6.

o We say that T is classifiable if T is superstable without DOP and without
OTOP.
e We say that T is non-classifiable if it satisfies one of the following:
(1) T is stable unsuperstable;
(2) T is superstable and has DOP;
(3) T is superstable and has OTOP;
(4) T is unstable.

The main dividing line and the Main Gap Theorem captures a general idea of
complexity.

Classifiable theories are less complex than non-classifiable theories, and their
complezities are far apart.

Even thought the different dividing lines give us a way to understand the com-
plexity of theories, it would be good to have a complexity notion that extends the
one given by the Main Gap and allows us to compare the complexity of any two
theories.

The existence of a complexity notion that goes beyond the number of non-
isomorphic models was being sought out before the publication of the Main Gap
Theorem, with the work of Vaught in [55]. Motivated by Vaught conjecture, in
1989 Friedman and Stanley introduced the Borel reducibility theory for classes of
countable structures [11]. This led to a new complexity notion for classes of count-
able structures. The Borel reducibility complexity in descriptive set theory was
developed during the 1990’s by Becker, Kechris, Hjorth, and others (see [2], [15],
[16]). A subspace K is invariant if K is closed under isomorphism. Given K and
K’ invariant sets, we say that K is Borel reducible to K' if there is a Borel function
f from K to K'such that for all A,B € K,

A= B e fA) = [B)

In the 2000’s the question of whether the notion of Borel reducibility correlates
with model-theoretic notions of complexity was studied. Koerwien, Laskowski,
Marker, Shelah, and others studied the Borel reducibility of theories (i.e. the Borel
reducibility of models of a theory T with universe w), see e.g. [24], [25], [26], [33].
Of particular impact in these investigation is the notion of Borel completeness. We
say that K is Borel complete if every invariant K’ is Borel reducible to it. A theory
T is Borel complete if the set of models of T" with universe w is Borel complete.
Laskowski [25] showed that theories with ENI-DOP are Borel-complete. Laskowski
and Shelah [26] showed that if T is ENI-deep, then T is Borel-complete.

This shows that there are some correlations between the model-theoretic notions
and the Borel reducibility notions. Thus, the Borel reducibility is a good candidate
for a complexity notion that extends the complexity notion given by the Main Gap
and allows us to compare the complexity of any two theories. To study this, it re-
quired the development of descriptive set theory at uncountable cardinals extending
the work of Friedman and Stanley. The development of descriptive set theory at
uncountable cardinals started in 1991 with V&&nanen’s work [51].

In the 1990’s the connection between model theory of uncountable models and
descriptive set theory was studied by Mekler, Va4nanen, and others, see [34], [51],
and [52]. In 1993, Mekler and Vaaninen’s article [34] reinforced the basis for de-
scriptive set theory at uncountable cardinals (later known as Generalized Descrip-
tive Set Theory, abbreviated by GDST). During the 2000’s Generalized Descriptive
Set Theory developed further (see [53] chapter 9.6). In 2014, Friedman, Hyttinen,
and Weinstein (né Kulikov) ! [9], provided significant advances on the way towards

Kulikov’s last name changed to Weinstein
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a fully developed Generalized Descriptive Set Theory. In particular, they started
a systematic comparison between the Main Gap dividing lines and the complexity
given by Borel reducibility. Apart from the work of Friedman, Hyttinen, and Wein-
stein, during the 2010’s, Generalized Descriptive Set Theory was intensively devel-
oped and became popular with the works of Liicke, Moreno, Motto Ros, Schlicht,
and others (see [35], [40], and [30]).

By studying the bounded topology, Mekler and Vdaninen proved the separation
theorem in Generalized Descriptive Set Theory, [34]. Motivated by the interaction
between Generalized Descriptive Set Theory and Model Theory, Friedman, Hytti-
nen, and Weinstein used the separation result to identify one of Shelah’s dividing
lines of classification theory:

The isomorphism relation of a theory is k-Borel if and only if it is a classifiable
shallow theory.

In 2020 Calderoni, Mildenberger, and Motto Ros show that the embeddability
relation between k-sized structures is strongly invariantly universal [4]. This is a
generalization of Louveau-Rosendal result of countable structures [28].

The problem of classifying uncountable structures has been an important theme
in Generalized Descriptive Set Theory. The interaction between Borel reducibil-
ity and classification theory has been one of the biggest motivations behind the
development of Generalized Descriptive Set Theory. Identifying counterparts to
classification theory in the setting of Borel reducibility, has played a main role in
the development of Generalized Descriptive Set Theory.

As it was mentioned above, the main problem in this theme is to find a counter-
part of Shelah’s main division line, classifiable theories vs non-classifiable theories.
Friedman, Hyttinen, and Weinstein (né Kulikov) conjectured that in Generalized
Descriptive Set Theory, the isomorphism relation of a classifiable theory is Borel
reducible to the isomorphism relation of a non-classifiable theory.

Question 1.7 (Friedman-Hyttinen-Kulikov [9]). Work in the generalized Baire
space k™ with k<% = k. Is the isomorphism relation of any classifiable theory Borel
reducible to the isomorphism relation of any non-classifiable theory?

From their work, Friedman, Hyttinen, and Weinstein conjectured that the answer
to Question 1.7 is “yes”.

1.1. Contributions. In this article we prove Friedman-Hyttinen-Kulikov conjec-
ture. We provide a Borel reducibility counterpart of Shelah’s Main Gap Theorem.

Denote by =7 the isomorphism relation of models of T of size k, < p the Borel
reducibility, and <. the continuous reducibility (this notions are properly defined
in the related work sub-section).

Theorem A (Borel reducibility Main Gap). Suppose k = A\t = 2%, 2¢ < \ = \¥1,
and Ty and Ty are countable complete first-order theories in a countable vocabulary.
If Ty is a classifiable theory and Ts is a non-classifiable theory, then

=1 e Zr, and Zr, S Ery
We study the size of the gap and compare the complexity of different theories.
Theorem B (Main Gap Dichotomy). Let & be inaccessible or k = A\t = 2, and
2¢ < X\ = X\, There exists a forcing extension by a < k-closed k+-cc forcing

notion in which for any countable first-order theory in a countable vocabulary (not
necessarily complete), T, one of the following holds:

o =7 is Al(k);
o =7 is Y1(k)-complete.
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We study the complexity of the isomorphism relation of models with size smaller
than k. We show that there is a gap in between the isomorphism relations of models
with different sizes. Denote by =7 the isomorphism relation of models of T' of size
A and idy the identity relation of 2.

Theorem C. Suppose k = A\t = 2. The following reductions are strict.
(1) Let 2° < A= A<“' and § < k. If T is a non-classifiable theory, then

b ; ~
=5 e ide — Zp .

(2) Let 2¢ < X\ = A<, If T is a classifiable non-shallow theory and Ty is a
non-classifiable theory, then:
g%’b e ng e gT2 .
(3) Let k =R be such that 3, (| v |) < k. Suppose Ty is a classifiable shallow
theory, Ty a classifiable non-shallow theory, and T3 non-classifiable theory.
Then

=y, o gy e S,

The previous results give us a counterpart of Shelah’s main gap in the setting
of Borel reducibility. In particular, Theorem A and B show us that the Borel
reducibility complexity notion is a refinement of the complexity notion given by the
Main Gap. This answers Question 1.7 in a positive way. Recall that this question
was initially asked by Friedman, Hyttinen, and Weinstein in [9], later re-stated in
[Question 3.45, [23]], [Question 4.7 [35]], [10], and [18].

These are the main results, naturally there are other results in this article, many
of them follow from the proofs of the main results. In the effort to answer Question
1.7, the equivalence modulo w-cofinal, =2, (see Definition 1.10), was studied in the
past. From [19] and [8] it is known that the following is consistent:

If T is a non-classifiable theory, then =2 <. .

In [Question 4.9 [35]] it was asked whether this is a theorem of ZFC. We give
a partial answer to this question with Corollary 5.6. Only the case when T is a
superstable theory with the DOP remains without an answer.

Question 1.8. Is =2 Borel reducible to the isomorphism relation of any superstable

theory with the DOP?

In their work about the Borel reducibility, Mangraviti and Motto Ros [32] were
interested in the gap between classifiable shallow theories and classifiable non-
shallow theories. In [Question 6.9 [32]] it was asked how big is this gap:

Question 1.9. Let k = X, be such that I, (| p |) < k. How large can be the
gap between =1, and =1, when Ty is classifiable and shallow and Ty is classifiable
non-shallow?

We study this question and make progress towards its solution, we show that
continuous reductions give us a better picture of the gap, instead of Borel reduc-
tions.

The results presented in this article convince us that the complexity between
the isomorphism relation of theories should be studied by the whole spectrum of
reductions, continuous reductions, Lipschitz reductions, etc, instead of limiting
ourselves to Borel reductions only.

We summarize most of the Borel reducibility properties from the main results
in the following tables. Let x, A, and v be such that k = k<% = A\t = 2* and
w<y< A
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e The Borel reduction &y <. :i holds for a countable complete first-order
theory in a countable vocabulary and a regular cardinal u < x, depending
on what kind of theory is T and some properties of A (see Section 5 for the
definition of the combinatorial principles {, and Dlg,; (I)).

The following are the possible values of pu:

%JT ‘—)C :2

N
Theory A=XY O Dlj,g:7 (I13)
Classifiable w< <y w=A ="
Non- Independent | Independent w=-y
classifiable

e The Borel reduction :i —. =7 holds for a countable complete first-order
theory in a countable vocabulary and a regular cardinal p < x, depending
on what kind of theory is T'" and some properties of A\. Denote by ¢ the
cardinal 2¢.

The following are the possible values of pu:

:Z e Zr
Theory A=\ 20K A=A | 26 < A=)\
Classifiable 1 doesn’t  doesn’t  doesn’t
exist exist exist
Stable Unsu- n=w n=w 0=w
perstable
Unstable w< <y w< <y w< <A
Superstable w<p<ny w<p<ny w<pu<A
with the
oToP
Superstable ? w; <p <y w; <pu <A
with the
DOP

1.2. Assumptions. Throughout this article x is a regular uncountable cardinal
that satisfies k<" = k, and the theories are first-order countable complete theories
in a countable vocabulary, unless otherwise stated.

In Section 5 we study the Borel reducibility of classifiable theories and non-
classifiable theories. Most of the results concerning non-classifiable theories have
the cardinality assumption:

NC: k= AT =2*, and 2° < A = 21,
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Most of the results concerning classifiable shallow theories have the cardinality
assumption:

CS: k=X, is such that 3, (| v |) < k.

As it is mentioned by Mangraviti and Motto Ros [second page of [32]], there
are many cardinals satisfying CS and under GCH there are unboundedly many «’s
satisfying NC and CS. Thus it is easy to find cardinals satisfying both assumptions
(NC and CS).

1.3. Related work. It was established that Borel reducibility is a good candidate
as a complexity notion in GDST. By understanding some previous results we can
understand the different notions of complexity given by reductions.

The Generalized Baire Space, abbreviated by GBS, is the set k" endowed with
the bounded topology. In this topology the basic open sets are of the form

[d={ner"C<n}

where ¢ € k<*. The collection of k-Borel subsets of k" is the smallest set that con-
tains the basic open sets and is closed under complement, unions and intersections
both of length x. The sets of this collection are called x-Borel. A subset X C k" is
a X1(k) subset of x* if there is a closed set Y C k" x k" such that the projection
pr(Y) := {z € k" | Jy € ", (z,y) € Y} is equal to X. These definitions also
extend to the product space x™ x k. A subset X C k" is a Al(k) set if X and its
complement are X1 (k).

The Generalized Cantor Space, abbreviated by GCS, is the subspace 2" with
the induced topology. The main equivalence relations that we will use are the
equivalence modulo p-cofinal, :fw and the isomorphism relation, =p. The following
relations can be defined in any subspace 8*.

Definition 1.10. Given S C k and S < k, we define the equivalence relation
:g C p"% x g*, as follows

n=¢¢ = {a<k|na)#E&)} NS is non-stationary.

Notice that zg is an interesting relation when S is stationary, otherwise it has
only one equivalence class. Let p < k be a regular cardinal. We will denote by :ff

the relation :g when S is the stationary set Sy := {a < k| cf(a) = pu}. Let us

denote by CU B the club filter on x and :gUB the relation zg when S = k.

To define the isomorphism relation we need to code structures of size x with
elements of the GBS. We can code structures of any size (not bigger than x) with
elements of GBS.

Definition 1.11. Let w < p < k be a cardinal and L = {Q,,, | m € w} be a count-
able relational language. Fix a bijection m,, between <“ and pu. For every n € *
define the structure Ay, with domain p as follows: For every tuple (a1, as,...,ax)
in p™

(a1,az,...,0,) € Qv & Q,, has arity n and (7, (m,a1,az,...,a,)) > 0.

For every first-order theory in a relational countable language (not necessarily
complete), we have coded the models of T' of size u < k in the GBS, ”. In the same
way we can define these structures in the GCS, 2. Notice that different elements
of k" may code the same structure. On the other hand, any element of " codes
different structures, all of them of different sizes.

Definition 1.12. Let w < u < k be a cardinal and T a first-order theory in a
relational countable language. We define the isomorphism relation of models of

~H

size [, =7 C K" X K7, as the relation

{(naf)‘(-Anru =T, AE[M =T, -Anfu = Afru) or (-Anru T, AE[M = T)}
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Let us denote by 2 the isomorphism relation of models of size x of T' (i.e. =7%.).
To simplify notation we will refer to =7 as the isomorphism relation of 7. We will
also denote by A, the structure A, for obvious reasons.

By defining a good complexity notion for equivalence relations, we can study the
complexity of T' by studying the complexity of 7. Let 3,6 € {2,x}, and E; and
E5 be equivalence relations on 8% and 0", respectively. We say that E; is reducible
to Fs if there is a function f: 8° — 6" that satisfies

(n,€) € Ev <= (f(n), f(§)) € Ea.

We call f a reduction of Ey to Es and we denote by E; <, Es the existence of a
reduction of Ey to Fs. It is clear that E; <, FEs holds if and only if F; doesn’t
have more equivalence classes than Fs.

When we restrict ourselves to the isomorphism relation, this complexity notion
is equivalent to the model theory notion give by the number of non-isomorphic
models,

%Tl o ng = I(Kl, Tl) < I(KJ,TQ).
This complexity notion is not good for our purposes, since we want to compare the
complexity of not classifiable shallow theories (by Theorem 1.2, these theories have
2" non-isomorphic models). By demanding more on the reduction function (e.g.
continuity), we obtain stronger complexity notions.

A subset D C 8" is said to be comeager if D O (D for some non-empty family
D of at most k-many dense open subsets of 8%. A subset of 8" is said to be meager
iff its complement is comeager.

Definition 1.13 (Reductions). Apart from a “cardinality” reduction, <., we de-
fine the following notions which allow us to have a better spectrum of complexities.

e Baire measurable reduction. A subset B C (" is said to have the Baire
property iff there is an open set A C 3" for which the symmetric difference
A A B is meager.

A function f: 8% — 0% is said to be Baire measurable if for any open set
A C 0%, f~1[A] has the Baire property. The existence of a Baire measurable
reduction of Ey to F; is denoted by Eg <y Ey.

e Borel reduction. A function f: g% — 0" is said to be k-Borel if for
any open set A C 6%, f~1[A] is a x-Borel set. The existence of a x-Borel
reduction of Ey to Fj is denoted by Ey —p B2

e Continuous reduction. The existence of a continuous reduction of Ey to
FE is denoted by Ey —. E1.

e Lipschitz reduction. For all n,£ € 5", denote

A(n,§) == min({a < & [ n(a) # (@)} U {x}).
A function f: 8" — 6" is said to be Lipschitz if for all n,& € p*,

A(n,&) < A(f(n), f(£))-

The existence of a Lipschitz reduction of Ey to E; is denoted by Fy <, E1.

Notice that the reductions are defined from weaker to stronger, e.g a Lipschitz
reduction is a continuous reduction. Different notions of reduction provide us with a
method to compare the complexities of two equivalence relations. Two equivalence
relations have “very similar” complexities if they are Lipschitz bireducible. On the
other hand, The complexity of Ey is “far” from the complexity of E; if Eg < E;
and Fy % gy Ep. Notice that <, is stronger than < pg);.

2We use “—p” instead of “<p”, because we will deal with the equivalence relations :g
(Definition 1.10) and the notation could become heavy for the reader.
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It is clear that the isomorphism relation can be also defined in the GCS. Never
the less the isomorphism relation of 7' in GBS and in GCS are Lipschitz bireducible
by the function F : k* — 2" given by

Fin)a) = {1 if (1)(a) # 0

0 otherwise.

Since they are Lipschitz bireducible, we will use =1 to denote both.

During the study of the interaction between classification theory and GDST,
Friedman, Hyttinen, and Weinstein found some classification theory dividing lines
in GDST. This supported the idea that there is a counterpart of the Main Gap,
which ended in their conjecture.

Fact 1.14 (Friedman-Hyttinen-Kulikov).

(1) Let k<" =k > 2¥. If T is classifiable and shallow, then = is k-Borel.
([9], Theorem 68)

(2) If T is classifiable non-shallow, then =1 is Al(k) not k-Borel. ([9], Theo-
rem 69 and 70)

(3) If T is unstable or stable with the OTOP or superstable with the DOP and
K > w1, then = is not Al(k). ([9], Theorem 71)

(4) If T is stable unsuperstable, then =1 is not k-Borel. ([9], Theorem 72)

From Fact 1.2 we conclude that if 27 has less than 2" equivalence classes, then
~r is k-Borel. When we turn our attention to classifiable shallow theories, we
realize that these theories are classified by their depth. This raises the question
whether the depth of a theory is related to the Borel rank of the isomorphism
relation of the theory.

Let us denote by B(k) the set of x-Borel sets. We define the x-Borel hierarchy
by the following recursive definition.

Y (k) :={A C K" | A is open},

MY (k) := {A C k" | A is closed},

So(r) =4 JA, cr A, e | k) g,
Y<K 1<8<a
I (k) := {K"\A | A € 30,(r)}.
The set of k-Borel sets is
Bk)= (J 0w = |J M)
1<a<kt 1<a<kt

If A is a k-Borel set, the smallest ordinal 1 < a < k% such that A € ¥ (k) UTI? (k)
is called the Borel rank of A and it is denoted by rkg(A).

Mangraviti and Motto Ros found a connection between the Borel rank of &
and the depth of T, when T is a classifiable shallow theory.

Fact 1.15 (Descriptive Main Gap; Mangraviti-Motto Ros, [32] Theorem 1.9). Let
k be such that k<% =k > 2% If T is a classifiable shallow theory of depth o, then

’I“kB(gT) < 4ar.

In the same article they studied the Borel reducibility between classifiable shallow
theories and not classifiable shallow theories.
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Fact 1.16 (Mangraviti-Motto Ros, [32], Proposition 6.7). Let k = R be such that
Ju, (|7 1) £ K (CS assumption). Suppose Ty is a classifiable shallow and Ty not.
Then there is an equivalence relation E on 2% such that

& =B E —p =g,

and
gT2 7L>r E 7L>r ng .

What Mangraviti and Motto Ros proved was actually the following proposition,
which is stronger.

Proposition 1.17 (Mangraviti-Motto Ros, [32]). Let Ey be a r-Borel equivalence
relation with v < Kk equivalence classes and Fo be an equivalence relation with 60
equivalence classes. If v < 0, then E1 —p Fs.

This implies (under CS assumption, T, and T» classifiable shallow theories) that
if 27, and =7, have the same number of equivalence classes, then they are Borel
bireducible.

For all cardinals 0 < ¢ < k let us define the counting 0-classes equivalence
relation 0, € k" x " as follows: 1 0, £ if and only if one of the following holds:

e o is finite:
= 1(0) =¢(0) <e—1;
= 1(0),§(0) = o — 1.
e o is infinite:
= n(0) =£(0) < o
- 1(0),£(0) = o.

It is clear that for all o < &, 0, has g equivalence classes. By the previous propo-
sition, if =7 has ¢ < k equivalence classes, then ¢ and 0, are Borel bireducible.
We might think that when = has ¢ < & equivalence classes, =27 and 0, have the
“same” complexity. This is very counter-intuitive, since 0, is a very simple equiva-
lence relation. In Lemma 5.26 we will show that it is not the case, e.g. 0, —. =7
and =7 4. 0,.

Shelah developed stability theory and classification theory to answer Morley’s
conjecture. It is expected that the study of the Borel reducibility Main Gap can be
used to study Morley’s conjecture from the point of view of GDST.

We ask whether 2. is Borel reducible to = for all T' first-order theory in a
relational countable language, and w < p < K7

By a simple observation we can answer this question for some theories using
Fact 1.3 and Proposition 1.17. Since <% = k, for all 4 < x and for all first-
order theories in a relational countable language T', the relation 2. has at most s
equivalence classes. Therefore by Fact 1.3 and Proposition 1.17, if = is x-Borel,
then =< p=p. The following Fact and Fact 1.14 (1) tell us that =< p=p holds
for classifiable shallow theories (when x > 2%). We generalize this in Section 5.

Fact 1.18 (Folklore). Suppose Eq <, FEi. Then the following hold:

e If Fy is k-Borel and Ey —p E1, then Ey is k-Borel.
o IfEy is Al(k) and Ey —p Ei, then Ey is Al(k).
o If F is open and Ey —. Fn, then Ey is open.

A proof of Fact 1.18 can be found in [[18] Theorem 7]. The proof is for x-Borel*
sets, a more general class of sets (defined by Blackwell [3], see also [34]).
As it was discussed previously, categoricity played a historical important role in

the study of the spectrum function. It is not a surprise that s-categoricity can be
characterized in GDST.
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Fact 1.19 (Mangraviti-Motto Ros, [32], Theorem 3.3). Let T' be a countable first-
order theory in a countable vocabulary (not necessarily complete). T is k-categorical
if and only if rkp(Zr) =0, i.e. = is clopen.

Fact 1.14, led Friedman, Hyttinen, and Weinstein to negative results about the
Borel reducibility between non-classifiable theories and classifiable theories. This
was an important step to support their conjecture.

From Fact 1.14 and Fact 1.18, Friedman, Hyttinen, and Weinstein deduced that
if Ty is classifiable and T5 is unstable or stable with the OTOP or superstable with
the DOP and k > wy, then =, %5 &,

They introduced the equivalence modulo different cofinalities to study the Borel
reducibility of non-classifiable theories. This led them to positive results about
their conjecture.

Fact 1.20 (Friedman-Hyttinen-Kulikov, [9] Theorem 79). Suppose that k = AT =
2 such that A< = \. If T is unstable or superstable with the OTOP, then =3 <.
=p. If additionally X > 2, then :i —. =7 holds also for superstable T with the
DOP.

Fact 1.21 (Friedman-Hyttinen-Kulikov, [9] Theorem 86). Suppose that k is such
that for all A\ < k, \* < k. If T is a stable unsuperstable theory, then =2 —. 7.

In [18], Hyttinen, Moreno, and Weinstein made notable progress by proving that
the conjecture is consistent. The authors use the technique developed in [20].

Fact 1.22 (Consistency: Borel reducibility Main Gap; Hyttinen-Kulikov-Moreno,
[18] Theorem 3.8). Suppose k = k<% = \*, 22 > 2% and A< = X\. The following
statement is consistent: if Ty is a classifiable theory and To is not, then =p, is
Borel reducible to =1, and there are 2% equivalent relations strictly between them.

In the same article, using Fact 1.21 with the technique developed in Fact 1.22,
it was proved the case of stable unsuperstable theories in ZFC.

Fact 1.23 (Strictly stable; Hyttinen-Kulikov-Moreno, [18] Corollary 2). Suppose
that k = AT and X\ = \. If T} is a classifiable theory and Ty is a stable unsuper-
stable theory, then =1, —. =Zp, and =1, B =Z7,.

Years later, this was improved by the author to cover the case of unstable theo-
ries.

Fact 1.24 (Unsuperstable; Moreno, [37] Corollary 4.12). Suppose k = A\t = 2*
and \* = X. If T} is a classifiable theory, and T is an unsuperstable theory, then
&1 e Z1, and =1, Srp Zry

The proof of Fact 1.24 uses a different approach from the one exhibited in Fact
1.20 and Fact 1.21. This is why Fact 1.24 is a result about unsuperstable theories
and not just about unstable theories.

Unfortunately the technique used in the proof of Fact 1.24 was limited to unsu-
perstabel theories and could not cover superstable theories with the OTOP or the
DOP. This is because Fact 1.24 uses a tree construction, which is a construction for
unsuperstable theories. In Theorem 5.5 we extend this construction to superstable
theories with the OTOP or the DOP by using a density argument, coding trees by
linear orders, and a homogeneity argument.

Fact 1.22 shows us that it is possible to force the complexities of classifiable
theories and non-classifiable theories to be far apart, in the sense of having 2~
equivalence relations strictly in between. Fact 1.22 doesn’t tell us how different are
the complexity of different non-classifiable theories. In [19] it was compared the
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complexity of different non-classifiable theories. Hyttinen, Moreno, and Weinstein
proved that the following is consistent:

The isomorphism relations of two different non-classifiable theories are continu-
ous bireducible.

They show that this holds in the constructable model L, actually something
stronger was proved. An equivalence relation E is ¥i(k)-complete if F is a ¥1(k)
set and every ¥1(k) equivalence relation R is Borel reducible to E.

Fact 1.25 (L-Main Gap Dichotomy; Hyttinen-Kulikov-Moreno, [19] Theorem 4.11).
(V. =L). Suppose k = AT and X is a regular uncountable cardinal. If T is a count-
able first-order theory in a countable vocabulary, not necessarily complete, then one
of the following holds:

o =7 is Al(k).

o =7 is Y1(k)-complete.

From their work ([7] and [8]), Fernandes, Moreno, and Rinot show that if
k= AT =2 X< = )\, and A\ > 2¢, then there is a < s-closed k*-cc forcing
extension in which the previous dichotomy holds. Even thought we now know that
the dichotomy can be forced, we are still restricted to the cardinality assumptions,
in particular “ is the successor of A and A<* = \”. We improve the dichotomy in
the direction of these two assumptions.

1.4. Outline. In Section 2 We introduce the F¥-isolation, the idea behind the con-
struction of the k-colorable linear orders. We generalize the notion of (x, bs, bs)-nice,
to construct k-colorable e-dense linear orders. We study the theory of k-colorable
linear orders from an abstract point of view and obtain an abstract generalization
of the construction introduced in [37].

In Section 3 we present a detail study of the coloured ordered trees of any height.
We use k-colorable linear orders to construct coloured ordered trees. Coloured
ordered trees will be used to construct skeletons of Ehrenfeucht-Mostowski models.

In Section 4 we use coloured ordered trees to construct Ehrenfeucht-Mostowski
models of different non-classifiable theories. Each non-classifiable theory demands
different assumptions on k to construct the models. Nevertheless, we show the
isomorphism theorem, which is satisfied by all non-classifiable theories.

In Section 5 we use the models from Section 4 to prove Theorem A. We study
how big is the Borel reducibility gap and prove Theorem B, we use the idea of x-
Borel*-sets to construct a game between models that captures the isomorphism. We
introduce the S-recursive functions, most of the known reductions are S-recursive
reductions. We introduce the counting a-classes equivalent relation and give a
detail picture of some gaps. We finish by studying Morley’s conjecture from a
GDST point of view and prove Theorem C.

2. LINEAR ORDERS

The notion of k-colorable linear order was introduced in [37] to construct mod-
els of unsuperstable theories and prove Fact 1.24. k-colorable linear order is a
saturation notion that allows us to order colorable trees while preserving the iso-
morphism of trees, i.e. it allows us to merge Shelah’s ordered trees from [46] and
Hyttinen-Kulikov’s coloured trees from [17].

In [37] a k-colorable linear order was constructed in an inductive way. Due
to the nature of the construction, the k-colorable linear order presented in [37]
has fundamental limitations, e.g. density arguments are not compatible with -
colorable (k, bs,bs)-nice linear order. To overcome these limitations we will make
an abstract generalization of the inductive construction presented in [37].
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The goal of the construction of [37] was to obtain a linear order with the following
properties (definitions below):
e (< K,bs)-stable
e (K, bs,bs)-nice
e x-colorable.
At first sight, these three notions are not compatible, a stability notion, a density
notion, and a saturation notion. Not only these notions are compatible, as it was
showed in [37], there is a dense linear order with these properties. To extend the
results of [37] to other non-classifiable theories, we will need an e-dense linear order.
To construct such a linear order, we have to generalize the notion of (k, bs, bs)-nice
to (k, bs, bs, £)-nice.
Through this section, we will show the existence of such an order (under certain
cardinality assumptions).
If there is a e-dense model of DLO with size smaller than k, then there is a model
of DLO of size k such that it is

(< K, bs)-stable
(K, bs, bs, €)-nice
k-colorable
e-dense.

2.1. The F?-saturation. To generalize the construction made in [37], we need to
study the inductive construction. Let us recall the definitions and results that play
arole in the construction of [37]. Let us start by (< &, bs)-stable and (k, bs, bs)-nice,
which were introduced by Shelah in [46].

Definition 2.1 (k-representation). Let A be an arbitrary set of size at most .
The sequence A = (A, | o < k) is a k-representation of A, if (A, | @ < K) is
an increasing continuous sequence of subsets of A, for all a < &, |Ay| < K, and

Uacr Aa = A.

Notice that for any two representations A and A’ of A, there is a club C such
that for all « € C, A, = A/,

For any L-structure A we denote by at the set of atomic formulas of £ and by bs
the set of basic formulas of £ (atomic formulas and negation of atomic formulas).
For all L-structure A, a € A, and B C A we define

tpa(a, B, A) = {p(w,b) | A = p(a,b), 0 € Ab e B)
for A a set of formulas of £. Example of theses types are tpq:(a, B,.A) and
tpys(a, B, A).

Definition 2.2. Let A be a model, a € A, B,D C A. We say that tpys(a, B,.A)
(bs,bs)-splits over D C A if there are by,bo € B such that tpys(b1, D, A) =
tpps(ba, D, A) but tpps(a™by, D, A) # tpps(a™ba, D, A).

Definition 2.3. Let |A| < &, for a k-representation A of A. Define Spps(A) as
Spes(A) = {6 < K| 6 alimit ordinal, Ja € A [V < § (tpps(a, As, A) (bs,bs)-splits over Ag)]}.

Definition 2.4. e Let A be a model of size at most k. We say that A is
(K, bs, bs)-nice if Spps(A) =245 0.
e A linear order A is (< &, bs)-stable if for every B C A of size smaller than
K,

k> |{tpps(a, B, A) | a € A}|.

As it was mentioned before, (< k,bs)-stable and (k, bs, bs)-nice were used in
[37] to construct continuous reductions from classifiable theories to unsuperstable
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theories. Unfortunately, this is not enough when we deal with superstable non-
classifiable theories. We will need to generalize (k, bs, bs)-nice to construct models
of superstable non-classifiable theories.

Fact 2.5 (Hyttinen-Tuuri, [21] Lemma 8.12). Let A be a linear order of size k and
(Ao | @ < KY a k-representation. Then the following are equivalent:
(1) A is (k,bs,bs)-nice.
(2) There is a club C C k, such that for all limit § € C, for all x € A there is
B < § such that one of the following holds:
o Vo€ Aslo >x =30’ € Ag (0 > 0’ > )]
o Vo€ Aslo <x= 30’ € Ag (0 <0’ <z)]

This characterization shows us that (x, bs, bs)-nice is a notion of density. This
motivates the definition of (k, bs, bs, €)-nice, which generalizes (k, bs, bs)-nice in the
direction of density. This notion will allow us to abstract the construction from
[37].

Definition 2.6. Let ¢ < k be a regular cardinal, A be a linear order of size
and (A, | @ < k) a k-representation. Then A is (k, bs, bs,&)-nice if there is a club
C C k, such that for all limit § € C with ¢f(d) > ¢, for all x € A there is § < §
such that one of the following holds:

o Vo€ Aslo>ax=30' € Ag (0 > 0’ > )]

o Vo€ Aslo <x =30’ € Ap (0 <o’ <uz)]

By Fact 2.5, A is (k, bs, bs,w)-nice if and only if it is (k, bs, bs)-nice. Finally, we
provide the definition of k-colorable linear order, introduced in [37] to construct
order coloured trees.

Definition 2.7. Let I be a linear order of size k. We say that I is x-colorable
if there is a function F' : I — & such that for all B C I, |B| < &, b € I\B, and
p = tpys(b, B, I) such that the following hold: For all « € &,

HaellalEp& F(a) =a}| = k.

The idea behind k-colorable is that any realizable type over a small set, is realized
by k many elements.

Fact 2.8 (Moreno, [37] Theorem 2.25). There is a (< k,bs)-stable (k, bs, bs,w)-nice
K-colorable linear order of size k.

This linear order allows us to merge Shelah’s ordered trees from [46] and Hyttinen-
Kulikov’s coloured trees from [17] (i.e. construct ordered coloured trees). This was
the main difficulty in the proof of Fact 1.24. This could be easily done by using
a saturated dense linear order without end-point (when a saturated model exists).
Unfortunately DLO (the theory of dense linear orderings without end-point) is an
unstable theory, thus a saturated model of DLO is not (< k)-stable. A saturated
model of DLO is not useful for our purpose since (< k)-stable plays an important
role in the proof of the isomorphism theorem of Ehrenfeucht-Mostowski models
(Theorem 4.23). The notion of k-colorable linear order was introduced to overcome
this difficulty. k-colorable give us enough saturation to merge Shelah’s trees and
Hyttinen-Kulikov’s trees, and at the same time it behaves nice with (< x)-stability.

The k-colorable notion resembles the notion of F-saturation from [47] Chapter 4.
We may consider k-colorable a saturation notion. Let us study the relation between
k-colorable and saturation. We will use the axiomatic approach of F-saturation
from [47] Chapter 4.

Let A be a set of formulas of £, we denote SK'(A) the set of all consistent types of
A-formulas over A in m variables and Sa(A) = U< SR (A). We omit A when we
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refer to all the formulas of £. In [47] Chapter 4 Shelah defined an isolation notion,
an isolation notion provides us with a notion of saturation and construction. An
F-primary model has these two properties (saturation and construction). We are
interested on these models, we have to chose the right saturation notion so we avoid
the saturated model of DLO (in case it exists). We know from [37] that there are at
least two non-isomorphic models of DLO that are k-colorable. Thus x-colorable is
not an F-saturation notion. Nevertheless, it comes from a weak version of isolation.

Definition 2.9. Let ¢(z,y) € bs, we define F¥ in the following way. Let |B| <
and p € Sps(B), (p,A) € F? if and only if A C B, A is finite, and there is a € A
such that

{p(z,a),x =a}Np#0 & al=p| B\{a}.

It is easy to see that F¥ satisfies the first axioms of F-isolation (see [47] Chapter
4). But when ¢(z,y) is x > y, F¥ does not satisfies Axiom V. It is clear that
if p(x,a) U tpps(a, B, M) is consistent, then (p(z,a) U tpps(a, B,M),{a}) € FZ.
We define F?-constructible, F¥-saturated, and F?-primary following the ideas of
F-isolation.

Definition 2.10. A sequence (A, (a;, B;i)i<a) is an F?-construction over A if for
all i < a, (tpes(ai, Ai), B;) € F7 where A; = AU, _; a;.
C is FZ-constructible over A if there is an F?-construction over A such that

C=Aul,.,q

Definition 2.11. C is (F?,¢)-saturated if for all B C C of size smaller than g,
and p € Sps(B), (p, A) € F¥ implies that p is realized in C.

Definition 2.12. C'is (F?,¢)-primary over A if it is F;¥-constructible over A and
(F?,¢)-saturated.

Let us recall the order constructed in [37].

Definition 2.13. Let Q be the linear order of the rational numbers. Let x x Q be
ordered by the lexicographic order, J° be the set of functions f : w — & x Q such
that f(a) = (fi(a), fa(«)), for which [{a € w | fi(«) # 0}] is smaller than w. If
f,g € J° then f < g if and only if f(a) < g(a), where « is the least number such
that f(a) # g(a).

Suppose i < & is such that J* has been defined. For all v € J* let v*t! be such
that
V= tpys (v, J\{v}, J) U {v > x}.
Let Jit = JP U {v**! | v € J'}. If i < k is a limit ordinal such that for all j < i,
J7 has been defined, then J* = Uj<i JI. Let J = J*.

Lemma 2.14. J is (E¥, k)-primary over J°, for p(z,y) := “y > a”.

Proof. It is easy to see from the construction that J is (F?,¢)-saturated. To show
that it is F?-constructible over J°, we need to find the right indexing for the
elements of J\J°. For every i < s, let {a;Jrl | 5 < Kk} be an enumeration of
JHI\J?. Let us order the set {o < k| 38 < k (a = B+ 1)} x x and let & be
the ordinal with the order type of {a < k| 38 < k (o = B+ 1)} x k. We can
index the elements of J\J° by &, using the order type bijection between {a < & |
38 < k (o = B+ 1)} x k and k. The proof follows from the enumeration of the
elements of J*™1\ J* and the construction of J. O

As we can see, the construction in [37] was a F?-construction. Thus all the
notions introduced in [37] (depth, complexity, road, and generator, see the follow-
ing subsection) can be defined using F?-isolation and the right F?-construction.
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Therefore, these notions can be generalized to other structures (not only linear
orders) by a different formula ¢.

We will generalized this construction by changing v for Q (a model of DLO).
To describe this generalization in an easy way, we will need a more abstract de-
scription of J.

Definition 2.15 (Generator Order). Let Gen be the set of functions f : w — &
such that the following holds:
7(0) =0,
For all n < w, f(n) is either 0 or a successor ordinal.
There is m < w such that for all n > m, f(n) = 0.
f 1 m+ 1\{0} is strictly increasing.
Let f,g € Gen and i the least number such that f(i) # ¢g(7). Let us define <gen
as follows, g <gen f if and only if one of the following holds:
e f(i) =0,
e g(i) < f(i).
It is easy to check that .J is isomorpihc to J? x Gen with the lexicographic order
(see [37] Definition 2.15).

2.2. Constructing linear orders. To construct models of non-classifiable super-
stable theories, we will need dense linear orders. Thus, we need to add a new
density property to the linear order of Fact 2.8.

Definition 2.16. Let I be a linear order of size k and € a regular cardinal smaller
than k. We say that I is e-dense if the following holds.

If A, B C I are subsets of size less than e such that for all a € A and b € B,
a < b, then there is ¢ € I, such that foralla € Aand b€ B, a < c < b.

We want to construct a (k, bs,bs, e)-nice py-dense linear order. It is clear that
the difficulty of the construction lies on the fact that both are density notions with
different properties. It is clear that if [ is a (k, bs, bs, €)-nice linear order, then for
all 4 > e, 1 is a (k, bs, bs, u)-nice linear order. On the other hand if [ is a u-dense
linear order, then for all € < pu, [ is a e-dense linear order. Therefore, we will focus
our study on the case of (k,bs, bs, €)-nice e-dense linear order.

Notation. Since we will only use basic formulas when dealing with these notions,
we will denote by (k,e)-nice and (< )-stable the notions (k,bs,bs,e)-nice and
(< K, bs)-stable, respectively.

We can now proceed with the construction of the desired linear order. Let us fix
a regular cardinal w < € < k. From now on let Q be a model of DLO of size 6 < k&,
that is e-dense. It is clear that 6 > <.

Definition 2.17. Let x x Q be ordered by the lexicographic order, Z° be the set
of functions f : ¢ — k x Q such that f(«a) = (fi(a), f2(«)), for which [{a € € |
fi(a) # 0} is smaller than e. If f,g € Z°, then f < g if and only if f(a) < g(a),
where « is the least number such that f(«) # g(a).

Now let us use the order Z° to construct an e-dense (< k)-stable (k,¢)-nice
k-colorable linear order.
Let us fix 7 € Q. Let I be the set of functions f : e — ({0} x Z°) U (k x Q) such
that the following hold
e f1{0}:{0} — {0} x Z°.
o f1e\{0}:e\{0} = K x O;
e There is @ < ¢ ordinal such that V8 > «, f(8) = (0,7). We say that the
least o with such property is the depth of f and we denote it by dp(f).



18 MIGUEL MORENO

e There are functions f; : ¢ — s and fo : ¢ — Z° U Q such that f(8) =
(f1(B), f2(B8)) and f1 [ dp(f) + 1 is strictly increasing.

Notice that since for all f € I, f(0) € {0} x Z° so f(0) # (0,7) and the depth
of f is well defined. Also, f1(8) = 0 if and only if either 8 = 0, or 8 > dp(f)
and fo(B) = 7. For all f € I with depth «, define o(f) = f1(«) the complexity of
f- Notice that for all f € I, fi(dp(f) +1) = 0, and f1(dp(f)) = 0 if and only if
dp(f) = 0. We say that f < g if and only if one of the following holds:

e f(0) # g(0) and f2(0) < g2(0).
o Lot @ = dp(g), V8 < o, £(8) = g(B) and fu(a+1) £0.
e Exists a > 0 such that V8 < «a, f(B8) = g(B), and fi(a),g1(e) # 0 and

g9(a) > f(a).
Notice that the set
P={fel|f:e— ({0} xI°) U ({0} x {r})}
with the induced order is isomorphic to Z°.
For every i < k let us define the order I**! by

't ={fel|o(f)<i+1}.
Suppose i is a limit ordinal such that for all j < 4, I7 is defined, let
r=Jr.
Jj<i
Notice that f € I°() if and only if o(f) is a successor ordinal.
Let us proceed to define the k-representations (I’ | a < k) fort every i < k.

Define (Z° | a < k) by
I ={v eI’ |vi(n) < a foralln<ce}

it is clear that (Z0 | a < k) is a s-representation. Let us define (IO | a < k) in the
canonical way following the definition of 1 0,

Suppose i < k is such that (I, | & < k) has been defined. For all a < & let

L ={fello(f)<i+1& f2(0) € 0},

notice that f(0) € {0} x Z2 holds if and only if f € I0.

If i < k is a limit ordinal, then

Il = Ui
Notice that I = UKH I'. Let us check that if for all 8 < k, 8<¢ < k, then (I’ |
a < k) is a k-representation. Notice that since (I0 | a < k) is a k-representation,
for all 8 < a, I C I. Therefore, for all i < s and 8 < o < &, Ij; C I}, On the
other hand for all f € I, o(f) = fi(«a), for a = dp(f). Since fi [dp(f)+1 is strictly
increasing,
T8 < o)< < I§] < s
Let us define the s-representation (I, | @ < k) by
I, = I°.

Now we can state the main result of this section.

Theorem 2.18. Suppose k is inaccessible, or k = A1, 20 < X = A<¢. Then I is
e-dense, (< k)-stable, (k,¢€)-nice, and k-colorable.

The proof of the previous theorem is divided in four lemmas, one per prop-
erty. Before we prove these lemmas, we need to define more notions related to I.
Generators and roads were notions that arose naturally in [37] from the inductive
construction. To use these notions to study I, we will need to define them in a
non-inductive way.
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Definition 2.19 (Generators). For all f € I with depth «, define the generator of

f, Gen(f), by
Gen(f)={gel|flat+l=gla+1}.

Fact 2.20. Let f,g € I be such that f # g and g € Gen(f), then f > g.

Proof. Let f,g € I be such that f # g and g € Gen(f). So fla+1=gla+1,
where dp(f) = a. Therefore f(a+ 1) = (0,7) and g(a+ 1) # (0,7). We conclude
that f > g. O

Fact 2.21. Let i,0 and v be such that v € I}. For all f € Gen(v), f € Ig(f)H (in

case o(f) is a successor, f € Ig(f)).

Proof. Tt follows from the construction of (I’ | a < k). O
Fact 2.22. Let f,v € I be such that f € Gen(v). If g ¢ Gen(v), then g < v if and
only if g < f.

Proof. Let g, f,v € I be such that f € Gen(v) and g ¢ Gen(v). Since v € Gen(v),

g #v.
(=) Let us assume that g < v. By Fact 2.20 v ¢ Gen(g). If g2(0) < v2(0), then

since v2(0) = f2(0), g2(0) < f2(0).
Let us suppose that g2(0) = v2(0). There is 8 < dp(v) and v/ € I such that

dp(v') = B, g,v € Gen(v'), and g(B+1) # v(B + 1). Since g <wv, g(B) < v(B) =
f(B). We conclude that g < f.
(<) Let us suppose g > v. Since f € Gen(v), g > v > f. O

Corollary 2.23. For all v, f € I such that f € Gen(v)
fEtops(v, \Gen(v),I) U{v > x}.

Corollary 2.24. For all v, f € I such that f € Gen(v). If o € I is such that
v>o2>f, then o € Gen(v).

Definition 2.25 (Roads). For all v € I with dp(rv) = «, there is a maximal
sequence (v; | i < a) such that vy € I°, v, = v, and for all i < j, v; € Gen(v;).
We call this sequence the road from I° to v.

For any v € I with dp(v) = a and the road (v; | i < ) from I°, and 8 < «, we
call the sub-sequence (v; | 8 < i < «), the road from vg to v.

Fact 2.26. Let (v; | j < ) be the road from I° to v,. For alli < «
Vo = tpps(vi, I°Vi+)\ (Gen(vip) U{vi}), I) U {v; > x}

Proof. Let (v; | j < a) be the road from I° to v, and i < a. By Corollary 2.23, we
know that

Vo E tpes(vi, I\Gen(v;), I) U{v; > x}.
It is enough to show that

Vo = tpps(vs, (I°V+O\Gen(vigq)) N Gen(v;), ).
Let o € (I°i+)\Gen(v;11)) N Gen(v;). Since o € Gen(v;),
vi [ dp(vi) +1 =0 [dp(vi) + 1
and v; > o. On the other hand o € I°i+1) 50 0(0) < 0(v;41). Thus
0 < o1(dp(vi) +1) < o(0) < o(vit1) = (Viv1)1(dp(vit)),
on the other hand since dp(vi41) = dp(v;) + 1 and o ¢ Gen(vit1),
0 <o1(dp(vi) +1) < o(vit1)-
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By the definition of the complexity,

o(Vi+1) = (Wiv1)1(dp(vi) + 1).
We conclude that v;41 > o. Finally, by Corollary 2.23,

Vo E tpps(Vig1, I\NGen(vit1),I).

We conclude that v, > o, as we wanted. O

2.3. e-dense. Recall that Q is e-dense, we will show that the orders x x Q, I°, and
I are also e-dense.

Lemma 2.27. k x Q is e-dense.

Proof. Let {a; | i < 61) and (b; | i < 62) be sequences of k x Q of length smaller
than ¢ such that for all i < h < 67 and j <1 < 02, a; < ap, by < bj, and a; < b;.
For all i < 6; and j < 62, let us denote a; = (a},a7) and b; = (b}, b3)

Let us start by the case when the sequence (b; | i < 62) is empty. Since 6; <
£ < K, there is a <  such that for all i < 0y, a} < a. Let us fix 7/ € Q, and define
a = (a,7"). Therefore for all i < 61, a; < a.

Let us show the case when the sequence (b; | i < ) is non-empty. Let a' =
M,<p, bj- Let us show that for all i < 6, a; < a'. Let us suppose, towards

contradiction, that there is i < 67 such that a} > a'. Since there are no infinite

descending sequences of ordinals, there is j < 65 such that b} = a'. Therefore
al > b;, a contradiction.

Let us show that there is a? such that for all i < #; and j < 6, a; < (a',a?) < b;.
Let us define A = {a? | j <0, & a' =aj} and B = {b7 | j < 01 & a' = b}}. Notice
that A is not necessarily a non-empty set.

Let us show the case A # (), the other case is similar. Since A,B C Q and
|A|,|B| < ¢, there is a? such that for all x € A and y € B, x < a®> < y. Let i < 6;
and j < 6. If a} < a', then a; < (a',a?). Also, if a® < b;, then (a',a?) < b;.
Finally, if a; = a', then by the way a? was defined, a; < (a',a?). In the same way,
if b; = a', then by the way a® was defined, (a',a?) < b;.

O

Lemma 2.28. Z° is e-dense.

Proof. Let (f*|i < 601) and (g* | i < 63) be sequences of Z° of length smaller than
e such that for alli < h < 0 and j <1 < 6o, f' < f" g' < ¢, and f? < ¢7. Let
us start by constructing a sequence (a® | a < €) by induction. By the way Z° was
constructed, we know that (f%(0) | 4 < 6;) is a non-decreasing sequence of £ x Q
and (g*(0) | i < 63) is a non-increasing sequence of x x Q, such that for all i < 6;
and j < 6o, f1(0) < ¢7(0). By Lemma 2.27, there is a® € x x Q, such that for all
i <6 and j < 6y, £(0) < a® < g7(0).
Let a < € be such that for all 3 < a, a” has been defined. Let
X ={f{a)]i<6 &YB<a fi(B)=d"}
and
X9 ={g'(a) | i< b &VB < ag'(B) =d’}.
By the induction hypothesis, if X, X9 # (), then for all y € Xf and z € X9,y < 2.
Therefore, by Lemma 2.27, if X/ # () or XJ # (), then there is a € k x Q, such
that for all y € XJ and 2z € X4, y < a < z. So, if XJ # 0 or XJ # () we choose
a® € k x Q, such that for all y € X/ and 2z € X9, y < a® < 2.
Let us fix 7 € Q. If @ < ¢ is such that X/ = XJ = 0), then we choose
a® = (0,7").
Let F: e — Kk x Q be defined by F(a) = a®.
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Claim 2.28.1. F € 79.

Proof. Since 01,02 < ¢, and for all f € {f* |i < 61} U{g" | i < O}, |[{a € €|
fi(a) # 0} is smaller than ¢, [{« € €| Fi(a) # 0}] is smaller than e. O

Claim 2.28.2. For alli < 6y, fi < F.

Proof. By the way F was constructed, we know that for all i < 6; and j < 6,
fi < F < ¢7. Let us assume, towards contradiction, that there is i < #; such that
ft ¢ F. Since 0 is a linear order, f® = F and for all h > i, f* = F. So 6; =i+ 1.

Notice that for all a < &, f?(a) € X/. By Lemma 2.27, for all a < ¢, f*(a) = a®
implies that there is j, < # such that for all 3 < «, g7~ () = a”. Thus, there is a
sequence {g’* },<. such that for all @ < k and 8 < a, g’ (B) = d”.

Since 65 < ¢, there is j < 6, such that for all a < ¢, g7 (o) = a®. So ¢/ = F = f*,
this contradicts that f < g7. O

Using the same argument, we can show that for all j < 6, F < ¢7. O

Lemma 2.29. [ is e-dense.

Proof. Let (f*|i < 61) and (g" | i < 63) sequences of I of length smaller than
such that for all i < h < 6 and j <1 < 0, f' < f*, ¢' < ¢, and f! < ¢’. Let
us construct the sequence (a® | a < ¢) by induction. Since Z° is e-dense, there is
a~! € 7° such that a® = (0,a™ 1), and for all i < 0; and j < 6, f1(0) < a® < ¢7(0).
Let 0 < a < ¢ be such that for all 8 < a, a” has been defined. Define
XL={f(a) i< b, V8 <a (f(B)=a") & fi(a) #0)}
and
X4 ={g'(a) | i< b, VB <a(g'(B) =d”) & gi(a) # 0)}.
By the induction hypothesis, if X, X9 # (), then for all 2 € X/ and y € X9,
r < y. Therefore by Lemma 2.27, for all a > 0 if X[ # () or XJ # (), there is
a € (k\{0}) x Q such that for all x € X/ and y € X9, v <a <y.
If X2 # () we choose a® € k x Q as in Lemma 2.27, such that for all y € ng and
zeXg, y<a* <z
For all 8 < &, let us denote a® = (a?,ad). If X/ # () and X9 = 0, we choose
a® = (af', ag) by
o af =U({a) +116 < a}U{fi(0)+1]f(a) € X[});
o af =T.
If o is such that X/ = Xg = (), then we choose a® as follows:
o If for all B < o, Xg # 0 or X3 # 0, then choose a® = (a®, 1), where
a* =Ufa) +1]8 < a};
e if there is 8 < a such that a® = (0,7), then choose a® = (0, 7).
Let us define F : ¢ — ({0} x Z°) U (k x Q) by F(a) = a®.

Claim 2.29.1. Fel

Proof. Since 601,05 < e, there is @ < k such that for all 8 > «, F(8) = (0,7).
Notice that there is o such that X7, X9 = ) and for all 8 < a, Xg # () or Xg # (.
We are missing to show that F} [ a 4 1 is strictly increasing. Let us suppose,
towards contradiction, there is 8 < « such that Fy(8) > Fy (8 + 1).
Case Xgﬂ # (). There is i < 0 such that for all ¢ < 8+ 1, fi(s) = Fi(s) and
FiB+1) € X],1. So fi(B+1) #0. Since f' € I, fi(B+1) > fi(8) = F1(B) >
Fi(B +1) a contradiction with the way we chose a’*1.
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Case X3, # 0 and XgH = (). From the proof of Lemma 2.27 there is I < 6
such that Fy(8+1) = g{(8+1) € X§,,. So, for all ¢ < S+1, g{(s) = Fi(s). Since
gdel,dd(B+1)>d(B)=F(B) > Fi(B+1)=g\(B+1), a contradiction.

Case X;;H,Xg+1 = (), i.e. @« =B+ 1. By the way a® was defined, af > af. So
Fi(B) > Fi(B+1) = Fi(a) > F1(B) a contradiction.

O

Claim 2.29.2. For alli < 6, f' < F.

Proof. Let us suppose, towards contradiction, that there is i < 0; such that f* > F.
Case f' > F. By the way F was constructed this could only happens when
a=dp(f"), fifla+1=F|a+1and Fi(a+1) # 0. Notice that since (f |i < 6;)
is an increasing sequence, there is no j < 6; such that f* < f7. Otherwise, since
a = dp(f?), there is f < a such that f* [ 8 = f7 | 3 and a® = fi(B) < fI(B). A
contradiction with the way a® was chosen. Thus #; =i + 1 and Xiﬂ = (.

On the other hand X7, = (). Otherwise, there is j < 2 such that ¢ lat+l=
Fla+1l=flla+1and fi(a+1)=(0,7);s0 fi > g7.

Finally, by the way a® was chosen, fi(a) = F(a) implies that there is j < 65
such that g7 fa+1 = f'la+1. Since XJ,, =0, dp(¢?) = o = dp(f*). We conclude
that f? = ¢’ a contradiction.

Case f' = F. Let a = dp(f"). Notice that fi(a) € X/, by the way a®*! was
defined, Fy(a +1) = a8 > 0. But Fi(a+ 1) = fi(a+ 1) = 0, a contradiction.

d

Claim 2.29.3. For all j < 6y, F < g¢7.

Proof. Let us suppose, towards contradiction, that there is j < 6, such that ¢/ < F.

Case ¢/ < F. Notice that dp(g?) > 0, otherwise since ¢g7(0) > F(0), ¢(0) =
F(0) and ¢7(1) = 0 # F(1); so ¢ > F a contradiction.

Therefore, there is 0 < o < 63 such that ¢/ |« = F | @, and F(a) = (0,7) and
g7 (@) # (0,7). Therefore dp(g?) > a, ¢l () > 0, and ¢7(a) € Xg. Thus Fy(a) > 0
a contradiction.

Case g/ = F. Let a = dp(¢”). Then g7 (o) € X2, by the way F was constructed,
F(a+1) # (0,7). Since F = ¢7, ¢/(a+1) # (0,7) and dp(g?) > a a contradiction.

(]

O

2.4. (k,e)-nice. To prove the (k,e)-nice property, we will show that for all i < &,
the order I* is (k,e)-nice. This will follows from the properties of the generators.

Lemma 2.30. For all limit § < k and v € I° there is f < § which satisfies the
following:

Vo elilo>v=30" €I} (60 >0 >v)].
In particular. If v & 1Y, then B satisfies:

Vo € If[o >v= 30" €I} (6 >0 >v).

Proof. Tt is enough to show that Z° satisfies the desire property. Suppose § < & is
a limit and v € Z°. If v € T2, then there is 3 < § such that v € Ig and the result
follows.

Let us take care of the case v ¢ Z§. Let 3 < § be the least ordinal such that for
all o < e, v1(a) < 6 implies 14 (o) < B.

Claim 2.30.1. For all 0 € I). If 0 > v, then there is 0’ € Ig such that o # o’
and o > o' > v.
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Proof. Let us suppose o € Ig is such that ¢ > v. By the definition of Z°, there is
a < g such that o(a) > v(a) and « is the minimum ordinal such that o(a) # v(«).
Since o € I3, for all p < a, v1(p) < §. Thus for all p < a, v1(p) < B.

Let us divide the proof in two cases, 01(a) = v1(a) and o1(a) > v1(a@).

Case 1. 01(a) = v1(a).

By the density of Q there is r such that oo(a) > r > va(a). Let us define o’ by:

v(p) ifp<a
o'(p) =4 (n(a),r) ifp=a
0 otherwise.

Clearly o > o’ > v. Since v1(p) < B for all p < o, 0’ € Ig.
Case 2. o1(a) > 1r1(a).
Since Q is a model of DLO, there is r such that r > vo(«). Let us define o’ by:

v(p) if p <o
o'(p) = { ((a)r) it p=a
0 otherwise.
Clearly 0 > ¢’ > v. Since v1(p) < § for all p < a, o' € Tj. O

O

Lemma 2.31. For alli < k, § < k a limit ordinal, and v € I', there is f < § that
satisfies the following:

(1) Voelio>v=30" €lj (6 >0 >v).
In particular. If v ¢ I%, then B satisfies:
Vo € Ii[o >v =30’ €I} (6 >0 >v)]
Proof. Notice that if v € I}, then there is @ < § such that v € _Ig _and the result
follows for 8 = c. We only have to prove the lemma when v € I"\I}:

For alli < K, § < K a limit ordinal, and v € I'\I}, there is 3 < § that satisfies
the following:

(2) Voeli[o>v=30 €I} (0 >0 >v)
Let v € I' be such that v € I'\I}. Let v/ € I° be such that v € Gen(v'), so by
Fact 2.21, v/ ¢ I{. By Lemma 2.30, there is 3 < § such that
Voeljlo>v =30 €I} (0 >0 >1)].
Claim 2.31.1. 3 is as wanted.

Proof. Let o € I} such that o > v. Since v/ ¢ I}, by Corollary 2.23, 0 > V.
Since o € I}, there is ¢’ € IY such that o € Gen(o’). By the way 3 was chosen,
there is 0 € I§ such that o’ > ¢” > v/. Tt is clear that o” ¢ Gen(v') U Gen(o”).
We conclude from Corollary 2.23 that o > ¢” > v. Since 0" € I§ C If;, 0" is as
wanted. O

O

As it can be seen in the proof of the previous lemma, the witness ¢” can be
chosen in I§ when v ¢ I}.

Lemma 2.32. For all § < k limit with cf(6) > €, and v € I, there is < § that
satisfies the following:

(3) Voelso>v=30"€lg (¢ >0 >v)
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Proof. Let § < k be a limit ordinal with ¢f(§) > ¢, and v € I. We have three
different cases: v € I5, v € I:;(V)\L;, and v ¢ Ig(l').

Case v € I5. Since 0 is a limit, o(v) + 1 < ¢ and there is p < § such that
ve I8 Let B =maz{o(v) + 1, p}, it is clear that 3 is as wanted.

Case v € Ig(y)\L;. Notice that o(v) > 6. Let vy € I° be such that v € Gen(1y).
Let {vi}i<a be the road from I° to v, so v = v, and « is the depth of v. The
sequence (o(v;) | i < «) is an strictly increasing sequence with o(rg) = 0 and
0(va) > 6. Therefore, there is j < a such that Vi < j, o(v;) < ¢ and o(v;) > 6.
Claim 2.32.1. There is p < 0 such that for all i < j, o(v;) +1 < p.

Proof. Let us suppose, towards contradiction, that such p doesn’t exists. Since
Vi < 7, o(v;) < ¢ and o(vj) > 6, {(o(v;) | i < j) is cofinal to §. On the other hand
j < e, we conclude that cf(J) < € a contradiction. O
Recall that v € Ig(y), by Fact 2.21, for all i < «, v; € Ig(w)ﬂ. Let 6, be p in
the previous claim. Notice that for all i < «, v; ¢ Igl implies v; ¢ Ig. Since 4 is a
limit ordinal, there is 65 such that vy € Igz. Thus, for all i < a, v; € IgQ(ViHl. Let
B =max{6;,02}.
Claim 2.32.2. 3 is as wanted.

Proof. Let o € I{ be such that o > v. If 0 € Gen(vp), then o € ]g and we are
done. Otherwise, o ¢ Gen(vp). By Corollary 2.23, 0 > vy > v. So vy = o’ is as we
wanted. ]

Case v ¢ Ig(y). Let p = maz{o(v) + 1,0}, thus v € I” and by Lemma 2.31
there is 8 < § which satisfies the following:

Vo €Iffo>v=30" €Ij (6 >0 >v).
Claim 2.32.3. (3 is as wanted.
Proof. Let o € Ig be such that o > v. Since § < p, o € If. Therefore, there is
= Ig such that ¢ > ¢’/ > v. The claim follows from Ig, - Ig =Is. O
O

Corollary 2.33. [ is (k,e)-nice.

2.5. (< k)-stable. Notice that if x is inaccessible, I is (< k)-stable. This can be
generalize to k successors. Recall that |Q] =6 < k and 0 > «.

Lemma 2.34. Suppose k = AT and 20 < X\ = \<¢. 7V is (< k)-stable.

Proof. Let T=1 be the set of functions f : ¢ — & such that [{a € € | f(a) # 0} < e
We say that f < gif f(a) < g(«), where « is the least ordinal such that f(«) # g(a).

Claim 2.34.1. 77! is (< k)-stable.
Proof. Let A C Z! be such that |A| < k, and let
B=sup{fla)+1|fe A& a<e}

so B < k. Therefore, for all f € T71, tpps(f, A,Z71) is entirely determined by
the coordinates of f which are smaller than 8 + 1. Since A = A<® and 8 < &,
Htpes(fL A, Z7Y | f €T} <k U

For all A C 7Y define Pr(A) as the set {f1 | f € A}. Let A C I° be such that
|A] < k. Since |Q] =0,

Htpps(a, A, Z°) | a € I°Y| < [{tpps(a, Pr(A),Z71) |a € T7'} x 29
By the previous claim and since 2 <\, |{tpps(a, A, I°) | a € I°}| < k. O
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This Lemma implies that under the assumptions x = At and 2¢ < A = A<¢, O
is (< k)-stable.
Lemma 2.35. Suppose k = At and 2° < X\ = \<¢. For all v € I°, Gen(v) with
the induced order is (< k)-stable.

Proof. Let v € I° and A C Gen(v) be such that |A| < k, and let
B=sup{fi(a)+1|feA& a<e}

Since f1(a) =0 for all a > dp(f), B < k. On the other hand, for all f, g € Gen(v),
f and g eventually become constants to (0,7), and the order f < g (or g < f)
is determined by the values of f(a) and g(«), where « is the least ordinal such
thatf(o) # g(a). Therefore, for all f € Gen(v), tpys(f, A, Gen(v)) is entirely
determined by the coordinates « of f in which f;(«a) is smaller than S+ 1, and the
types of Q. Since A< =\, B < K, and 2/ < X

[{tpos (£, A, Gen(v)) | f € Gen(v)}] < |8 x 2°| < A < k.

Lemma 2.36. Suppose k = A\t and 2° < X\ = \<¢. [ is (< k)-stable.

Proof. Let us fix A C I such that |A| < k. From Corollary 2.23, for all a € I and
v € I such that a € Gen(v) the following holds:

b = tpps(a, A, I) < b= tpps(v, A\Gen(v), I) Utpps(a, AN Gen(v), Gen(v)).
Thus for all @ € I and v € I° with a € Gen(v), the type of a is determined by
tpps (v, A\Gen(v), I) and tpys(a, ANGen(v),Gen(v)). Let A’ C I° be such that the
following hold:

o for all z € A thereisy € A', z € Gen(y);
o for all y € A’ there is z € A, x € Gen(y).

Clearly |A’| < |A|, and by Corollary 2.23, for all v € I, tpys(v, A\Gen(v),I)
determined by tpys(v, A’\{v},I°). So for all @ € I and v € I° with a € Gen(v
tpps(a, A, I) is determined by tpps(v, A'\{v}, I°) and tpys(a, A N Gen(v), Gen(v)
Therefore |[{tpps(a, A,I) | a € I'}| is bounded by

Htpys(v, A", 1°) | v € I°} x Sup({B, | v € I°})

);
)

where
B, = {tpps(a, AN Gen(v),Gen(v)) | a € Gen(v)}|.

From Lemma 2.35, we conclude that for all v € I°, B, < k. Since x = AT,
Sup({B, | v € I°})) < A\. From Lemma 2.34 we know that |{tpys(v, A", I°) |
v e I} < &, so [{tpps(v, A", 1%) | v € 19} < A. We conclude |{tpys(a, A, I) |
a€l}| <k O

2.6. k-colorable. To finish the proof of Theorem 2.18 we will show that I is k-
colorable. The depth of the elements will have a crucial role to define the x-color
function of 1.

We say that I' = (v; | j < a) is a pre-road if there is v € I such that (v, | j < «)
is the road from I° to v = v,. Notice that all roads are pre-roads. For all pre-road
I'=(vj | j < @), let us define the successors of I', Succ;(I'), and the complexities
of T, Comp(T), as follows:

Succr(T) ={o € I|(v;|j<a)is the road from I° to o = v}

and
Comp(T") = {o(v) | v € Succr(T")}.

Lemma 2.37. I is a k-colorable linear order.
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Proof. Let us fix a bijection G : kK = K X k, and G1, G2 be the functions such that
G(a) = (G1(a),G2(a)). For all pre-road T fix a bijection gr : Comp(T') — k. Let
us define F': I — & by

o if dp(v) =0
e {G1(9F(0(V))) where v € Suce(T).

Claim 2.37.1. F is a k-color function of I.

Proof. Let B C I, |B| < k, b € I\B, and p = tpps(b, B, I). Since |B| < k, there is
a < k such that B C I*. Let T' be the road from I° to b, 3 = max{o(b),a}, by
Fact 2.26, for all v € {a € Succ;(T") | o(a) > B}, b and v have the same type of
basic formulas over I%\{b}. In particular for all v € {a € Succ;(T") | o(a) > B},
v |= p. By the way F was define, we conclude that for any p < &, |{a € Suce;(T) |
o(a) > B & F(a) = p}| = k. Which implies that for any p < &, |{a € Sucer(T) |
al=p & F(a) = p}| = k. O

O

The previous lemmas prove Theorem 2.18, I is e-dense, (< k)-stable, (k, €)-nice,
and k-colorable.
Notice that in the previous lemma, if f,g € I are such that dp(f) = dp(g) = «a,

o(f) =olg), and f [ a =g [ o, then F(f) = F(g).

Remark 2.38. Tt is easy to see that I\IY is a e-dense (< k)-stable (k,e)-nice k-
colorable linear order. For all a € I\I” and sequence (a;);<, coinicial to a, there is
B < a such that for all i > 3, o(a) < o(a;). Holes have a similar property. A hole
is a pair (b,a), b = (b;)i<p, and @ = {(a;)i<g,, such that 01,0y < &, for all, i < 6,
and j < 03, b; < aj, and there is no a € I\I° such that for all i < 6; and j < 6s,
b; < a < a;. For any hole (b,a), there is a sequence ¢ = (¢;)i<p, such that

b3 < 61,

for all i < 6; there is j < 03 such that b; < c;,

for all j < 63 there is ¢ < 6y such that ¢; < b;,

there is 8 < 6, such that for all j < 63 and ¢ > 3, o(c¢;) < o(a;).

We will use the order I\I° in the following section.

As it was mentioned before, e-dense and (x, t)-nice are two notions of density.
We constructed linear orders when € = u, this is enough for our purposes.

3. TREES

3.1. Coloured trees. Coloured trees were introduced by Hyttinen and Weinstein
in [17] to construct models of stable unsuperstable theories. Variations of coloured
trees have been used to construct models of other non-classifiable theories, by
Hyttinen-Moreno in [20], and by Moreno in [36] and [37].

Let t be a tree, for every x € ¢t we denote by ht(x) the height of z, the order
type of {y € tly < z}. Define (t)o = {z € t|ht(z) = a} and (t)<a = Ug<a(t)s,
denote by z [ a the unique y € ¢ such that y € (t), and y < . If z,y € ¢t and
{z € t|z < z} = {z € t|z < y}, then we say that z and y are ~-related, z ~ y, and
we denote by [z] the equivalence class of x for ~.

An «, B-tree is a tree t with the following properties:

|[z]| < « for every z € t.

All the branches have order type less than (§ in ¢.

t has a unique root.

If x,y € t, z and y have no immediate predecessors and x ~ y, then z = y.
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Definition 3.1. Let v be a regular cardinal smaller than k, and S a cardinal
smaller or equal to x. A coloured tree is a pair (t,c¢), where t is a kT, (7 + 2)-tree
and c is a map c: (), — f.

Two coloured trees (¢, ¢) and (¢, ¢') are isomorphic, if there is a trees isomorphism
[+t — ¢’ such that for every z € (t),, c(z) = /(f(x)).

Order the set yXx kX kX kX K lexicographically, (a1, ag, as, ag, as) > (o], o, af, ay, af)
if for some 1 < k < 5, ay, > o) and for every i < k, oy = ). Order the set
(v x k X Kk X K X K)S7 as a tree by initial segments.

For all f € 8*, define the tree (Ry,rs) as, Ry the set of all strictly increasing func-
tions from some o < 7 to k and for each 1 with domain v, r¢(n) = f(sup(rng(n))).

For every pair of ordinals o and g, o < ¢ < k and i < 7y define

R(a, 0,1) = U {n:[i,7) = |a, 0) | n strictly increasing}.
1<j<vy
Definition 3.2. If a < ¢ <k and «, 0, p # 0, let {Z"?[p < k} be an enumeration
of all downward closed subtrees of R(a,p,4) for all 4, in such a way that each
possible coloured tree appears cofinally often in the enumeration. Let Z(()),o be the
tree (Rf, ’I"f).

This enumeration is possible because there are at most

\ U P(R(a,0,9))| <y X Kk =k

1<y
downward closed coloured subtrees. Since for all @ < ¢ < &, |R(a, 0,7)| < & there
are at most £ X k<" = K coloured trees. Denote by Q(Z;¢) the unique ordinal i
such that Z¢ C R(a, o,1).

Definition 3.3. Define for each f € 8% the coloured tree (J¢,cs) by the following
construction.

For every f € % define J; = (Jf,cy) as the tree of all n : s — v x x*, where
s < =y, ordered by end extension, and such that the following conditions hold for all
1,7 < 8:

Denote by n;, 1 < ¢ < 5, the functions from s to x that satisfies,

n(n) = (m(n),n2(n), n3(n),na(n), ns(n)).

(1) nineJsforalln<s.

(2) n is strictly increasing with respect to the lexicographical order on v x x*.
(3) m@@) <m(i+1) <m()+1.

(4) m (i) = 0 implies (i) = n3(i) = n4(i) = 0.

(5) m2(i) > n3(i) implies 72 (i) = 0.

(6) m1(2) <mi(i+ 1) implies n2(i + 1) > n3(i) + na(4).

(7) For every limit ordinal o, nx(a) = sup,<o{nk(¢)} for k € {1,2}.

(8) m(i) =mi(4) implies n (i) = ni(j) for k € {2,3,4}.

(9) If for some k < =, [i,5) = n; *{k}, then

s 110.9) € Z) ™.
Note that 9 implies Z;j((j;””(“ C R(a, 0,9)
(10) If s = 7, then either
(a) there exists an ordinal number m such that for every k < m, n1(k) <
m(m), for every k' > m, n1(k) = n1(m), and the color of 7 is deter-

: 772(m)a773(m).
mined by Zm(m) :

cr(n) = cns [ [m,7))
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. . . n2(m),ns(m)
where c is the colouring function of Zm(m) ;
or

(b) there is no such ordinal m and then cf(n) = f(sup(rang(ns))).

At first sight, these trees look very general. But actually, these trees are coding
the :g—class of any f € g% . A simpler version of the following lemma, was stated
in [36] without proof due to the length of the article. The version v = w of the
following lemma, can be found in [17] Theorem 2.5 and [20] Lemma 4.7.

Lemma 3.4. Suppose v < k is such that for all e < k, €' < k. For every f,g € B~
the following holds

/ 5 g<:><]fgct Jg
where = is the isomorphism of coloured trees.

We will prove this lemma in the following two subsections.

3.2. Filtrations. To prove this lemma, we have to introduce the notion of fil-
tration. Filtrations will be important in the last subsection, to understand the
k-representation of ordered coloured trees. Given a coloured tree (¢, ¢), we say that
a sequence (In)a<x is a filtration of t if the following hold:

e it is an increasing sequence of downwards closed subsets of ¢;
o Ua<m Ioz = ty
e if p < k is a limit ordinal, then I, =
for all @ < &, |I,] < k.

Notice that a filtration of (¢, ¢) is a k-representation of ¢ made out of downwards
closed subsets of t.

a<plas

Definition 3.5. Let (¢, ¢) be a coloured tree and Z = (I, )<« a filtration of ¢. Let
us define Hz; € k" as follows.
For every a < k define B,, as the set of all x € ¢, that are not elements of I,
and for all p <, z [ o € I,.
e If B, is not empty and there is ¢ such that, for all z € B,, ¢(x) = ¢, then
let Hz (o) = ¢;
o let Hz (o) = 0 otherwise.

Notice that for any two filtrations (I )a<x and (Ju)a<x of the same coloured
tree, there is a club C such that for all « € C, I, = J,. So, for any two filtrations
Z=Ia)a<r and J = (Ja)a<x of (t,¢), Hz :,/j H gy ;. We say that a filtration is
a good filtration if for all a, B, # 0 implies that ¢ is constant on B,.

Fact 3.6 (Hyttinen-Kulikov, [17] Lemma 2.4). Suppose (to,co) and (t1,¢1) are
isomorphic coloured trees, and T = (I)a<r and J = (Jo)a<x are good filtrations

of (to,co) and (t1,c1) respectively. Then Hry, :?/ Hyy,.

For each f € (3" let us proceed to define a good filtration (J;“),KH of Jy. For
each a < k define JJ?‘ as

J§ ={n € Jylrang(n) C v x (¢1)* for some ¢ < a}.

Notice that for any k € rang(n), [i,5) = n; * (k) and if i +1 < j, then s [ [4,
is strictly increasing. If 71(i) < m1(i + 1), by Definition 3.3 item 6, n2(i + 1)
N3(1) + na(i), so n5(i) < n3(i) < ma(i +1) < ms(i + 1). If « is a limit ordinal, by
Definition 3.3 items 7 and 8, n5(¢) < m2(t + 1) < m2(a) < ns(«) holds for every
t < o.. Thus ns is strictly increasing. If n [ n € Jy for every n, then n € Jy. Clearly
every maximal branch has order type v+ 1, every chainn [1 Cn[2Cn[3C---
of any length, has a unique limit in the tree, and every element in t,, 0 < v, has
an infinite number of successors (at most ).

7)
>
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Suppose rang(n;) = . Since 75 is increasing and sup(rang(ns)) > sup(rang(ns)) >
sup(rang(nz)), by Definition 3.3 item 6, sup(rang(n2)) > sup(rang(nz)) and sup(rang(n2)) >
sup(rang(ng)), this leads us to

(4) sup(rang(ng)) < sup(rang(ns)) = sup(rang(ns)) = sup(rang(nz)).
It n Ik € J§ holds for every k € v and n ¢ J§, then

(5) sup(rang(ns)) = a.

Fact 3.7 (Hyttinen-Kulikov, [17] Claim 2.7 and Hyttinen-Moreno, [20] Claim 4.9).
Suppose v < K is such that for all e < K, € < k. For all f € p*, |Jf| = K,

J = (J§)a<x is a good filtration of J; and Hz j, :5 f

We conclude one of the directions of Lemma 3.4.

Lemma 3.8. Suppose v < k is such that for all e < k, €' < k. For all f,g € 5" if
Jp Zer Jg, then f :g g.

3.3. The isomorphism of coloured trees. In this section we will prove the
missing direction of Lemma 3.4.

Fact 3.9 (Hyttinen-Kulikov, [17] Claim 2.6 and Hyttinen-Moreno, [20] Claim 4.8).
Suppose £ € J§ and n € Jp. If dom(§) is a successor ordinal smaller than v, € Cn
and for every k in dom(n)\dom(&), m (k) = & (max(dom(£))) and n1(k) > 0, then
neJy.

We say that a set X is a y-club if X is unbounded and it is closed under v-limits.
Notice that n :g ¢ holds if and only if {a < k| cf(a) =7 & n(a) = &(a)} contains
a y-club.

Lemma 3.10. Suppose v < k is such that for alle < k, €' < k. For every f,g € B~

sz :AB/ 9, then Jf St Jg-

Proof. Let C' C {a < klcf(a) =7 & f(a) = g(a)} be a y-club testifying f = g,
and let C' D C’ be the closure of C’ under limits. We are going to construct an
isomorphism between Jy and J,; by induction.

Let us define continuous increasing sequences («;);<, of ordinals and (Fy,)i<x
of partial color-preserving isomorphism from J; to J, such that:

a) If i is a successor, then «; is a successor ordinal and there exists ¢ € C' such
that a;_1 < ¢ < a; and thus if 7 is a limit, then «; € C.

b) Suppose that i = p + n, where p is a limit ordinal or 0, and n < w is even.
Then dom(Fy,) = J;.

¢) Suppose that i = p + n, where p is a limit ordinal or 0, and n < w is odd.
Then rang(Fo,) = Jg'.

d) If dom(&) <, £ € dom(Fy,), n | dom(€) = € and for every k > dom(§)

m (k) = &1 (sup(dom(§))) and n1(k) >0

then n € dom(F,,). Similar for rang(F,,).
e) If £ € dom(F,,) and k < dom(§), then & | k € dom(Fy,).
f) For all n € dom(Fy,), dom(n) = dom(Fy,(n)).

For every ordinal o denote by M(«) the ordinal that is order isomorphic to the
lexicographic order of v x a?.

First step (i=0).

Let g = ¢ + 1 for some ¢ € C. Let p be an ordinal such that there is a coloured
tree isomorphism h : ZS’M(L) — J§* and Q(ZS’M(L)) = 0. It is easy to see that such
p exists, by the way our enumeration was chosen.
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Since Z3M®) |
|dom(n)|. Also both domains are intervals containing zero, therefore dom(h~*(n))
dom(n).
Define Fy, (n) for n € J§° as follows, let Fy,,(n) be the function § with dom(§) =
dom(n), and for all k < dom(§):

and J§° are closed under initial segments, then |dom(h=t(n))| =
1

e &i(k)=1
e &(k)=0
° 53(]6) = M(L)
o {u(k)=0p

o &5(k) =h™ (n)(k)

To check that ¢ € J;, we will check every item of Definition 3.3. Since rang(Fa,) =
{1} x {0} x {M (1)} x {p} x Z20MW) ¢ satisfies 1. Also & = h~'(n) € ZzM®,
by definition of Zg"*, we know that s is strictly increasing with respect to the
lexicographic order. Thus £ satisfies item 2. Notice that £ is constant in every
component except for &5, therefore ¢ satisfies the items 3, 6, 7, 8, 10 (a). Clearly
&1(@) # 0. So ¢ satisfies item 4. Since &2(k) = 0 for every k, £ satisfies 5. Notice
that [0,v) = &, (1) and Zgj((;:))’&’(k) = ZS’M(L) for every k, therefore &5 € Zg((g)),gg(o)
and & satisfies 7.

Let us show that the conditions a)-f) are satisfied, the conditions a) and ¢) are
clearly satisfied. By the way Fy, was defined, dom(F,,) = J;° and dom(n) =
dom(Fa,(n)), these are the conditions b), e) and f). Since dom(Fu,) = J§*, Fact
3.9 implies d) for dom(Fy,). For d) with rang(F,,), suppose & € rang(F,,) and
n € Jg are as in the assumption. Then 7, (k) = &1 (k) = 1 for every k < dom(n). By
S in Jy, (k) = & (k) = 0, na(k) = E3(k) = M(:) and na(k) = &4(k) = p for every
k < dom(n). By 91in J,, s € Zo™“ and since rang(F,,) = {1} x {0} x {M (1)} x
{p} x Z,(,)’M(L)7 we can conclude that n € rang(Fl,,).

0Odd successor step.

Suppose that j < k is a successor ordinal such that j = ¢; + n; for some limit
ordinal (or 0) ¢; and an odd integer n;. Assume o; and F,, are defined for every
[ < j satisfying the conditions a)-f).

Let aj = ¢+ 1, where ¢ € C is such that ¢ > a;_1, and rang(Fa,_,) C Jj, such
a L exists because [rang(F,,_,)| < 2/%-1 and for all € < K, €7 < k.

When 7 € rang(F,,;_,) has domain m < v, define

W(n) = {Cldom(¢) = [m, s),m <'s <~,n" (m,((m)) ¢ rang(Fa,_,) and n~ ¢ € Jg7}

with the color function cy(,;)(¢) = c4(n~() for every ¢ € W(n) with s = ~.
Denote & = F, ' (n), a = &(m — 1) + & (m — 1) (if m is a limit ordinal, then
o = supo<mé&2(0)) and ¢ = a+M(a;). Choose an ordinal p;, such that Q(Z:¢) = m
and there is an isomorphism h,, : Zg‘n’@ — W(n). We will define F,,; by defining its
inverse such that rang(Fy,) = Jg7.

Each n € Jg7 satisfies one of the followings:

(*) n € rang(Fy,_,).
(**) Im < dom(n)(n [ m € rang(Fu,;_,) An | (m+1) ¢ rang(Fa,_,)).
(***) vm < dom(n)(n | (m+1) € rang(Fo,;_,) An ¢ rang(Fo,_,)).
We define { = F, L(n) as follows. There are three cases:
Case 7 satisfies (x).
Define £(n) = Fa’]{l(n)(n) for all n < dom(n).
Case 7 satisfies (xx).
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This case is divided in two subcases, when m is a limit ordinal and when m is a
successor ordinal. Let m witnesses (**) for  and suppose m is a successor ordinal.
For every n < dom(§)

o If n < m, then {(n) = F,;jl_l(n F'm)(n).
e For every n > m. Let

P
=l (0 1 [m, dom(n))) (n)

Notice that, n | [m,dom(n)) is an element of W(n [ m), this makes possible the
definition of &s.

Let us check the items of Definition 3.3 to see that { € J;. Clearly item 1 is
satisfied. By the induction hypothesis, £ [ m is increasing, &1 (m) =& (m—1)+1 so
&(m —1) < &(m), and & is constant on [m,~) for k € {1,2,3,4}. Since h;rlm(n) €
2529, &5 1s increasing, & is increasing with respect to the lexicographic order. So
¢ satisfies item 2. We conclude that &;(i) < &(i +1) < &(4) + 1, so ¢ satisfies
item 3. For every i < 7, & (i) = 0 implies ¢ < m, so £(i) = Fa’jl_l(n I m)(7)
and by the induction hypothesis, ¢ satisfies item 4. By the induction hypothesis,
& m € Jy. Since &(n) = E3(m — 1) 4+ &4(m — 1) holds for every n > m, £ satisfies
5. By the induction hypothesis, for every i + 1 < m, &(i) < &1(i + 1) implies
€a(i+ 1) = & (i) + €4(i). On the other hand & (i) = & (j) implies & (i) = &(j) for
k €{2,3,4}. Clearly &a(m) > &3(m—1)+&4(m—1) and & (4) = & (i 4+ 1) for i > m
and k € {2,3,4}, then ¢ satisfies items 6 and 8.

By the induction hypothesis, { [ m € Jy. Since &(n) = &(m — 1) + 1 and
&(n) = &(m — 1) + &4(m — 1) hold for every n > m, £ satisfies 7. Suppose
[i,7) = &1 (k) for some k in rang(¢). Either j < m or m = i. If j < m, then

by the induction hypothesis & | [¢,]) € Zgj((f))’gg(i). If [i,5) = [m,dom(&)), then

& I i,j) = h;ﬁn(n [ [m,dom(§))) € ij((z))’gg‘(m). Thus ¢ satisfies item 9. Since &
is constant on [m, ), & satisfies 10 (a). Finally by item 10 (a) when dom({) = 7,

c(& | [m,7)), where ¢ is the color of Zgj((gz))’&(m).

£ 1[m,7) = ok, (71 m,7)), €7(€) = (k. (71 m,7))). Since b is an isomorphism,
cr(&) = CW(nrm)(U ['[m,7)) = cg(n)-
Let m witnesses (**) for n and suppose m is a limit ordinal. For every n < dom(&)
o If n < m, then {(n) = Fojjal(n F'm)(n).
e For every n > m. Let

we conclude cy(§) Since

= &1(n) = supy<méi(0)

— &2(n) = supy<méa(o0)

= &(n) = &(m) + M(ay)

- §4(n) = Pnim

= &(n) = hy b (0 | [m, dom(n)))(n).

Notice that, n |
definition of &s.

Let us check the items of Definition 3.3 to see that £ € Jy. Clearly item 1 is
satisfied. By induction hypothesis, £ [m is increasing and &1 (m) = sup,<m&i(0). So
&(0) < &(m) holds for every o < m, and & is constant on [m, ) for k € {1,2,3,4}.
Since h;rlm(n) € Zp?, & is increasing. We conclude that ¢ is increasing with

m,dom(n)) is an element of W(n [ m), this makes possible the

respect to the lexicographic order, so £ satisfies item 2. We conclude that & (i) <
&1(i+1) < &(4) + 1, so & satisfies item 3. For every ¢ < v, £1(7) = 0 implies i < m,
so £(i) = F; 1 (n1m)(i) and by the induction hypothesis ¢ satisfies item 4. By the

Qj—1
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induction hypothesis, £ [m € J¢. Since {&2(n) = supo<m&2(0) holds for every n > m,
¢ satisfies 5. By the induction hypothesis, for every i +1 < m, & (1) < &(3+ 1)
implies £3(i+1) > &5(i)+£4(7). On the other hand & (7) = & (j) implies & (7) = &k (J)
for k € {2,3,4}. Clearly £2(m) > supoemés(o0) and & (i) = &k (j) for j,4 > m and
k € {2,3,4}, then & satisfies items 6 and 8.

By the induction hypothesis, £ [m € Jy. Since &;(n) = sup,<méi(0) and &a(n) =
supy,<m&2(p) hold for every n > m, & satisfies 7. Suppose [¢,j) = ¢ (k) for some
k in rang(§). Either j < m or m = i, notice that if i < m < j, then [ (m+1) €

rang(Fa,;_,)). If j < m, then by the induction hypothesis &5 [ [i, ) € Zgj((:))’&(i).

Thus [i,j) = [m,dom(€)), then & | [i,5) = hy,(n | [m, dom(€))) € ZE(m<t™),
Thus & satisfies item 9. Since ¢ is constant on [m,~), ¢ satisfies 10 (a). Finally

by item 10 (a) when dom(¢) = v, ¢;(&§) = c(& | [m,7)), where c is the color of

Pt Since & [ [m,7) = hy b, (01 [m,7), ¢4(€) = e(hy k(0 T [m, 7)) and
since h is an isomorphism, cf(£) = cyw(yp,.) (1 [ [Mm,7)) = cg(n).

Case 1 satisfies (x * x).

Clearly dom(n) = ~. By the induction hypothesis and condition d), rang(n;) =
7, otherwise n € rang(F,,_,). Let Fojjl (m)=¢= Un<,yFa’],1_l(77 In), by the induction
hypothesis, ¢ is well defined. Since &|n € J; for all n < v, then € € J;. Let us check
that cf(§) = c4(n). Notice that £ ¢ J}lj’l, otherwise by the induction hypothesis

£),

Fa]‘—l(é-): U Faj71(€rn): U nlin=n

n<y n<y

giving us n € rang(Fy,_,). By Equation (5), sup(rang({s)) = a;_1 and & satisfies
item 10 b) in Jy. Therefore c;(§) = f(aj—1). By the definition of J¢ and since
Elne J;‘j’l holds for all n < 7, aj_1 is a limit ordinal. By condition a), j — 1 is
a limit ordinal and «;_; € C. The conditions b) and c) ensure that rang(Fy,_,) =
Jy7~'. This implies, n ¢ J;/~'. Therefore a;_; has cofinality 7, aj_1 € C" and
flaj—1) = g(aj—1). By item 10 b) in Jy, cg(n) = g(ej—1) = f(aj-1) = c5(E).

Let us show that F,,, is a color preserving partial isomorphism. We already
showed that F,, preserve the colors, so we only need to show that

(6) nCE&e FINn) CFLN).

From left to right.

When 1, ¢ € rang(Fy,_, ), the induction hypothesis implies (6) from left to right.
If n € rang(F,,_,) and & ¢ rang(F,,_,). Then the construction implies (6) from
left to right. If n,€ ¢ rang(F,,_,), then n, satisfy (**). Let m; and mg be the
ordinals that witness (**) for n and ¢, respectively. Notice that mg < dom(n),
otherwise, n € rang(Fy,_,). If mi < mg, then n € rang(F,,_,) which is not the
case. A similar argument shows that mo < m; cannot hold. We conclude that
my = mg. By the construction of F,,, we cocnlude that F(n) C Fi1(€).

From right to left.

When n,¢& € rang(F,,_,), the induction hypothesis implies (6) from right to
left. If n € rang(F,,_,) and £ ¢ rang(Fy,_,), the construction implies (6) from
right to left. If ,& ¢ rang(F,,_,), then n,¢ satisfy (**). Let m; and mg be the
respective ordinal numbers that witness (**) for i and &, respectively. Notice that
my < dom(n), otherwise, F;'(n) = F;' (1) and n € rang(F,,_,). Let us denote
by 9 the inverse map F; ! (e.g. 9(¢) = F;'(¢)), and the first component by 9,
(e.g 91(C) = Fa ().
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If my1 < mo and ms is a successor ordinal, then

J1(n)(m2 — 1) (D(E) [ma)1(m2 — 1)

z V1(€lmy ) (m2 —1) +1
= Y1(n)(mz)
= Ji(n)(mz—1)

If m; < mo and ms is a limit ordinal, then

(19<§) rmz )1 (p)
SuPn<m2191 (E rmz)(n)
V1(n)(m2)

J1(n)(p)-

This cannot hold. A similar argument shows that ms < m; cannot hold. We
conclude that m; = mo.

By the induction hypothesis, F,;'! (n1m1) = F; ' (£]mz) implies 1 [my = &[mo
(it also implies hypm, = hepm,)- Since Fot (n]mq)(n) = F; ' (n)(n) for all n < my,

we only need to prove that n [ [m1,dom(n)) C £ | [ma,dom(§)). But hypm, is an
isomorphism and F *(n)s(n) = F;'(£)s(n) holds for every n > myq, so h;rlml (n1

[m1, dom(n)))(n) = hep,,, (€1 [ma2, dom(€)))(n). Therefore n | [my,dom(n)) G & |
[ma, dom(¢)).

Let us check that this three constructions satisfy the conditions a)-f).

When ¢ is a successor, we have that a;_1 <t < a; = ¢+ 1 for some ¢ € C, this
is the condition a). Clearly the three cases satisfy b). We defined F(;l according
to (*), (**), or (***). Since every n € Jg7 satisfies one of these, rang(Fy,) = J;°
which is the condition c).

Let us show that F,, satisfies condition d). Let £ and n be as in the assump-
tions of condition d) for domain. Notice that if £ € dom(F,,_,), then the in-
duction hypothesis ensure that n € dom(Fy,). Suppose & ¢ dom(F,,_,), then
Fo, (&) ¢ rang(F,, ,). Since dom(&) < 7, F,,(§) satisfies (**). Let m be the
number witnessing it. If m is a limit ordinal, then dom(§) > m + 1. Therefore
§Im+1€ J¢" and by Fact 3.9, n € J¢*. If m is a successor ordinal, then § € J§*
and by Fact 3.9, n € J¢*. By item 8 in Jy", ny is constant on [m,dom(n)) for
k € {2,3,4}. By Definition 3.3 item 9 in J§*, ns [ [m,dom(n)) € Z7; . Let
¢= hﬂm(n[m,dom(n)))a then n = Fc;il(FOti (g fm)AC) and 7 € dom(Fai)'

Using the same argument, the condition d) can be proved.

For the conditions e) and f), notice that £ was constructed such that dom(§) =
dom(n) and & | k € dom(F,,), which are these conditions.

Even successor step.

The construction of Fy,; such that dom(Fy;) = J}* follows as in the odd successor
step, with the equivalent definitions.

Limit step.

Assume j is a limit ordinal. Let o; = U;<;jo; and Fo, = UicjFu,. Clearly
Fy, : J?j — Jy and satisfies condition c¢). Since for i successor, «; is the successor
of an ordinal in C, then a; € C and satisfies condition a). Also Fy; is a partial
isomorphism. Recall that Ui<jJ?’7 = J?j, equivalent for J,;. By the induction

Vp € [m1,ma) Y1(n)(p)

Al

hypothesis and conditions b) and c¢) for i < j, we have dom(Fy,) = J?j (this is the
condition b)) and rang(Fy,) = Jg°. This and Fact 3.9 ensure that condition d) is
satisfied. By the induction hypothesis, for every i < j, Fy,, satisfies conditions e)
and f). Thus F,; satisfies conditions e) and f).
Define F' = U;<,{Fai, clearly, it is an isomorphism between J; and Jj.
U
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3.4. Ordered trees. By applying similar ideas to the ones used by Abraham in
[1], it was possible to construct highly saturated ordered coloured trees in [37].
Following the construction presented in [37], we will use the k-colorable linear
order I to construct ordered trees with v + 1 levels, A/, for every f € % with the
property AT = A9 if and only if f :g g.

Definition 3.11. Let K} be the class of models (A, <, (P,)n<y, <, ), where:

1) There is a linear order (Z,<z) such that A C Z<7.

) A is closed under initial segment.

) < is the initial segment relation.

) A(n,€&) is the maximal common initial segment of 1 and &.

) Let lg(n) be the length of n (i.e. the domain of n) and P, = {n € A |

lg(n) = n} for n < 7.

(6) For every n € A with lg(n) <+, define Suca(n) as{€ € A|n=<E&lg(§) =
lg(n) + 1} <is U,ca(< [Suca(n)), ie. if £ < ¢, then there is n € A such
that &, ¢ € SucA( ).

(7) For all n € A\P,, < [Suca(n) is the induced linear order from Z, i.e.

N (z) <N (y) & r <y

(8) If n and & have no immediate predecessor and {( € A|( <n} ={C € A|
¢ < €}, then 1 = €.

The elements of K. are called ordered trees. For each f € 3" we will use
the coloured trees J; to construct new coloured trees that will be ordered later.
An ordered coloured tree is a model (A, <, (Pn)n<y, <, A, c¢) where (A, <) is a tree,
(A, <, (Pn)n<y, <,A) is an ordered tree, and (4, <, ¢) is a coloured tree.

For every f € *, we have constructed the coloured tree Jy and the filtration
(J#)a<n Notice that J? = {0} and dom() = 0. Let us denote by acc(x) =
{a < k[ a=0or aisalimit ordinal}. For all a € acc(k) and n € J§ with
dom(n) =m < 7 define

Wi = {¢ [ dom(C) = [m,s),m < s <~y,n~C €T 0 (m,((m)) ¢ J§}.

Notice that by the way J; was constructed, for every n € Jy with domain smaller
than v and a < k, the set

{(91,02,93,04,95) € (v x K)\(y x a*) [ n7 (91,92, 03,94,05) € J§+}

is either empty or has size w. Let o} be an enumeration of this set, when this set
is not empty.

Let us denote by T = (HX&)X&CC( )Xy X KX KXKXK)SY. For every £ € T
there are functions {¢; € K< | 0 < i < 8} such that for all i < 8, dom(&;) = dom(¢&)
and for all n € dom(§), £(n) = (§1(n),&2(n),&3(n), &4(n), &5(n), €6(n), & (n), &s(n)).
For every £ € T let us denote (&4, &5, &6, &7, &) by &.

Definition 3.12. For all a € acc(k) and n € T with 77 € Jg, dom(n) = m < v
define I'Y as follows:
If 7 € Jf, then I'Y is the set of elements § of 7 such that:

(1

) EIm=n,

) € dom(§)\m € W2,

) &3 is constant on dom(é‘)\m,

) &3(m) = _

5) foralln € dom( )\, let &(n) be the unique r < w such that o (r) = £(n),
where ( =¢ [ n

Ifn ¢ J¢, then I'y =

(2
(3
(4
(
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For n € T with 77 € J¢, dom(n) = m < 7 define

rom= J ry.

acacc(k)

Finally we can define A/ by induction. Let T(0) = {0} and for all n < ~,

Ti(n+1) =Ts(n)U U L'(n).
NETy(n) dom(n)=n

For n <+ a limit ordinal,
Ty(n) = | Ty(m)
m<n

and
Ti(n) =Ti(n)U{n €T |dom(n) =n & ¥m <n (n|méeTin))}

For 0 < ¢ < 8 let us denote by s;(n) = sup{ni(n) | n < v} and s,(n) =
max{s;(n) | ¢ < 8}. Finally
AT =Ty ().

Define the color function dy by

e itsm) < s,
= {f<sl<n>> if 51(7) = s, (1).

It is clear that A7 is closed under initial segments, indeed the relations <, (Pr)n<~s
and A of Definition 3.11 have a canonical interpretation in A7.

Now we finish the construction of A/ by using the s-colorable linear order I of
Remark 2.38. We have to define < [Sucyy(n) for all n € Af with domain smaller
than 7. Properly speaking, A7 will not be an ordered coloured tree as in Definition
3.11, but it will be isomorphic to an ordered coloured tree as in Definition 3.11.

Let us proceed to define < [Sucys(n). Let F: I — k be a k-color function of I.

For any n € A/ with domain m < v, we will define the order < [Suc4s(n) such
that it is isomorphic to I and satisfies the following;:

() Let sup(rng(ns)) = 9. For any set B C Sucas(n) of size less than k, p(x) a
type of basic formulas over B in the variable z, and any tuple (¥2,93) € w X acc(k)
with 93 > 0, if p(x) is realized in Sucas(n), then there are k many o < k such that
77/\(05 1927 1937 Ug:s (192)) |: p-

By the construction of A/, an isomorphism between {(9;,92,93) € k X w x
acc(k) | ¥3 > 9} and I, induces an order in Sucys(n).

Definition 3.13. Let F be a k-color function of I (see Theorem 2.18). For all
¥, < K, let us fix a bijections Gy : {(¥2,93) € w x acc(k) | 93 > ¥} — w and
H, : F~1la] — k. Notice that these functions exist because F' is a x-color function
of I and there are s tuples (J2,93)of this form.

Let us define Gy : {(91,02,03) € Kk x w X acc(k) | 93 > 9} — I, by:

Go (91,92, 93)) = a,
where a and « are the unique elements that satisfy:

o Gy((12,73)) = a;
[ Ha(a) = 191.

For any n € Af with sup(rng(ns)) = 1, the isomorphism Gy and I induce an
order in Sucys(n). Let us define < [Sucys(n) as the induced order given by Gy
and I.
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Fact 3.14. Suppose n € Af with sup(rng(nz)) = 9. Then < [Sucas(n) satisfies
(x)-
Proof. Let b € Sucys(n), (92,93) € wxace(k) such that ¥3 > 9, and B C Suc s (n)
have size less than . Let b(dom(n)) = (b1, ba, b3, by, b5, bg, b7, bs) and denote by
pri23(B(dom(n))) the set
{(a1,a2,a3) € k x w x acc(k) | I € B (£(dom(n)) = (a1, as, as, a4, as, ag, az,as))}.
Let us denote by ¢ the type

tpbs (G (b1, b2, bs), Go (prizs(B(dom(n)))), I).
By the construction of Gy and since F is a k-color function of I,

Haell|al=q& Fla) = Gy(¥2,93)} = k.
Therefore for all a such that a = ¢ and F(a) = Gg(92,93),

N7 (He, (.05 (@) 02, 03,05 (92)) = p
O

It is clear that (A7, <, (P,)n<~,<,A) is isomorphic to a subtree of I<7 in the
sense of Definition 3.11.

Remark 3.15. Notice that for any n € Af | < 1Sucyy(n) is isomorphic to I. There-
fore for any ¢,n € Af, < [Sucss(¢) and < [Suc,s(n) are isomorphic. Even more,
the construction of < [Sucys(n) only depends on sup(rng(ns)) = 9.

Theorem 3.16. Suppose v < k is such that for alle < k, €' < k. Forall f,g € 5",
f :g g if and only if A¥ = A9 (as ordered coloured trees).

Proof. For every f € 3% let us define the s-representation Af = (Al | a < k) of
A7,
Al ={ne Al | rng(n) CY x w x ¥ x v x 9* for some ¥ < a}.

Let f and g be such that f :Ej g, there is G a coloured trees isomorphism
between J; and J,. Let C' C & be a club such that {a € C'| ¢f(a) = v} C{a < k|
fla) = g(a)}. We will show that there are sequences {o;}i<, and {F;};<, with

the following properties:

{a;}i<k is a club.
e If i is a successor, then there is ¥ € C such that a;_1 < ¢ < a.
e Suppose i = ¢ + n, where ¢ is limit or 0 and n is odd. Then Fj is a partial
isomorphism between A/ and A9, and AJ C dom(F;).
e Suppose ¢ = ¢+ n, where ¢ is limit or 0 and n is even. Then F; is a partial
isomorphism between A/ and A9, and A4, C rng(F;).
e If i is limit, then F; : Af, — AY .
o Ifi< 7, then F; C Fj
e For all n € dom(F;), G(7) = Fi(n).
We will proceed by induction over <.
Case i = 0. Let ap = 0 and Fyp(0) = 0.
Case i is successor. Suppose i = ¢ + n, with ¢ limit or 0 and n even, is such
that:
F; is a partial isomorphism.
Af, Crng(Fy).
For all] < i, Fj Q Fz
For all ) € dom(F;), G(7) = Fi(n).
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Let us choose a,;11 to be a successor ordinal such that a; < ¥ < a;41 holds for
some ¥ € C and enumerate A, by {n; | j < Q} for some Q < . Denote by B; the
set {z € Agwl\dom(Fi) | nj <z}

By the induction hypothesis, we know that for all j < Q, z € B;, F;(n;) < G(T).
By Remark 3.15, for all n € Af and ¢ € A9, < [Sucas(n) and < [Sucas(€)
are isomorphic. Thus, since |AZ, |,|Bo| < k, by (*) there is an embedding F}
from (AL U By, =<,<) to (49,<,<) that extends F; and for all n € dom(F}),

FY(n) = G(@).

Suppose that 0 < ¢ < Q is such that the following hold:

e There is a sequence of embeddings {Ff | § < t}, where FZJ is an embedding
from (Af, U Ui<; Bi, <, <) into A9.

e F! C F/ holds for all | < j < t.

e For all n € dom(F/), F! (n) = G(7).

Since [A] U Uj<: Bjls |Be| < &, by () there .is an embedding F} from (Af U
Uj<¢ Bjs <, <) to (A9, <, <) that extends |J; _, F} and for all ) € dom(F}), F}(n) =
G(@)- ,

Finally i1 = ;o F is as wanted.

The case i = ¢t +n with n odd is similar. For ¢ limit, we define o; = Uj<i o and
F,, = Uj<i F;.

It is clear that F' = |, _, F}j witnesses that AT and A9 are isomorphic as ordered
trees. Let us show that ds(n) = dy(F(n)), suppose n € Af is a leaf. Let [ be the
least ordinal such that n € A{;l. If there is n < v such that for all j < I, nn ¢ A{;j,
then by the way F' was constructed, ds(n) = dg(F(n)). On the other hand, if for
all n < v there is j < I such that n [n € Agj, then there is a ~-cofinal ordinal

such that s, (1) = a; and i + 1 = . By the construction of Af we know that

_Jer®m if s1(n) <
4t = {f<sl<n>> i 51(n) =

Since sy(n) = a, either dy(n) = f(s1(n)) (f s1(n) = ai) or ds(n) = ¢;(7) (if
s1(n) < ).

Therefore, if s1(n) = a;, then df(n) = f(a;).

Let us calculate d¢(n), when s1(n) < s,(n). By Fact 3.6,

s7(n) < s5(n) = s6(n) = ss(n) = sup(rng(ns)-

It is easy to see that so(n), s3(n), s4(n) < s5(n).

We conclude that s, (n) = sg(n) = sup(rng(ns)) and a; = sup(rng(ns)). From

Definition 3.3 (8),
¢y (M) = f(sup(rng(ns))) = f(a).

Therefore d¢(n) = f(o;) in both cases (s1(n) = s4(n) and s1(n) < s,(n)). By
the same argument and using the definition of F', we can conclude that d,(F'(n)) =
g(c;). Finally since 7 is a limit ordinal with cofinality v, «; is an y-limit of C. Thus
dr(n) = fou) = g(aw) = dg(F(n)) and F is a coloured tree isomorphism.

Now let us prove that if A/ and A9 are isomorphic ordered coloured trees, then
f =ty

Lgt us start by defining the following function H; € 8*. For every a € k with
cofinality v, define B, = {n € AN\ Al | dom(n) =~ & ¥n < v (nn € AL)}. Notice
that by the construction of Af and the definition of A/, for all n € B, we have
d¢(n) = f(sy(n)) = f(a). Therefore, the value of f(a) can be obtained from B,
and dy, and we can define the function Hy € 5" as:
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Hy(o) = {f(a) if ef () =

0 otherwise.

This function can be obtained from the x-representation {Af},<, and dy. It is
clear that f :5 Hy.

Claim 3.16.1. If Af and A9 are isomorphic ordered coloured trees, then Hy :?; H,.

Proof. Let F be an ordered coloured tree isomorphism. It is easy to see that
{F[Al]}a<x is a k-representation. Define C = {a < k| F[Af] = A9}. Since F is
an isomorphism, for all a € C, H¢(a) = Hy(a). Therefore it is enough to show
that C is a y-club. By the definition of k-representation, if (o, )n<y is a sequence
of elements of C' cofinal to some o, then Aj =, ., A% =U, -, FIAL 1= F[Ag].
We conclude that C' is y-closed.

Let us finish by showing that C' is unbounded. Fix an ordinal o < &, let us
construct a sequence (o, )n<w such that o, € C and «,, > a. Define oy = a. For
every odd n, define o, 41 to be the least ordinal bigger than o, such that F[Aén] C
A9 41- For every even n, define a,, 11 to be the least ordinal bigger than «;, such

that A9, C F[A£+1]. Define o, = U, o, an. Clearly U, F[AL, 1= U, ., Ady
U

We conclude that o, € C
O

Remark 3.17. Same as in the construction of the coloured trees J¢, the functionf €
(" is only used to define the color function in the construction of A7, Soif f, g € p*
and « are such that f [ @ = g | a, then JJ?‘ = Jg. As a consequence f [a =g [«

implies that Af = A9.

Notice that the only property we used from I to construct the ordered coloured
trees was that it is x-colorable. Therefore the construction can be done with any
k~colorable linear order. We will need the other properties of I in the next section,
when we construct the Ehrenfeucht-Mostowski models.

4. EHRENFEUCHT-MOSTOWSKI MODELS

4.1. Index models. We will use ordered coloured trees to construct the models of
non-classifiable theories, we will construct Ehrenfeucht-Mostowski models (see [5]).
These models require an skeleton for the construction.

Notation. We will use all the objects we have studied so far in the previous
sections. Let us recall some notation, before we do the construction of the models.

e « is the cardinal associated to the Baire space, it is an uncountable regular
cardinal that satisfies k<" = k.

K is either an inaccessible cardinal or a successor cardinal. If k is a successor
cardinal, then X is the cardinal such that 2* = A\t = &.

€ < k is the cardinal associated to the density, i.e. e-dense linear orders.

0 < k is a cardinal of an e-saturated model of DLO, i.e. it is a cardinal
such that there is a model of DLO of size 6 that is e-dense. For simplicity,
let 6 be the least cardinal with such property.

v < K is the height of the ordered coloured trees.

B < k is the amount of colors of the ordered coloured trees.

Q is a model of DLO with cardinality 6 that is e-dense.

1 is the linear order constructed in Section 2.

Assumptions. To use the results of the the previous sections, we will need to
make some cardinal assumptions.
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If kK = AT, then 27 < X\ = A<,
€ is regular.
~ is regular and satisfies Vo < k, a7 < k.
e <.
o =2.
In this section we will construct a model M7 for each f € 2%, and study the
isomorphism between these models. The following is the main result of this section.

Theorem 4.1. Let T be a non-classifiable theory. For any function f € 2", we can
construct a model MY, such that for any f,g € 2%, there are ¢ < v < k (satisfying
the previous assumptions)
f=2gif Ml =m0

It is clear that the construction of the models depends on which kind of non-
classifiable theory we are dealing with (e.g. unstable or superstable with the
OTOP). In particular, each case requires a different values for € and ~.

For the constructions we will use different kinds of Ehrenfeucht-Mostowski mod-
els. The sets of indiscernibles (below) will allow us to use the types over trees to
study the types over models.

Definition 4.2. Let A be a set of formulas. Let A and M be models, and X = {as |
s € A} an indexed set of finite tuples of elements of M. We say that X is a set of
indiscernibles in M relative to A, if the following holds:

If 5,5 are n-tuples of elements of A and tpy:(5,0, A) = tpa:(5',0, A), then

tpA(dEv 0, M) = tpA(a'E’v 0, M)

Here and from now on, 5§ = (sg, ..., S,) is a tuple of elements of A, and as denotes
ag, -+ s,

Notice that there are no restrictions over A. The existence of a model with a
set of indiscernibles relative to an infinitary logic has been studied by Eklof in [6]
and Makkai in [31]. The use of infinitary logics will be useful when we construct
the models, for some theories we will deal with linear orders definable by a formula

in an infinitary logic (Fact 4.11 and Fact 4.18).

Definition 4.3 (Ehrenfeucht-Mostowski models). Let T be a L, -theory of vocab-
ulary 7, [ a dense linear order, M a model of vocabulary 71, and ¢(u, v) a formula
in some logic L.

We say that M is an Ehrenfeucht-Mostowski model of T' for I, where the order
is definable by ¢, if M =T, 7 C 7!, and there is a natural number n and n-tuples
of elements a, € M, x € [, such that the following hold:

(1) Every element of M is of the form yu(ay,,...,ds,, ), where u is a 7'-term
and 1 < -+ < Ty
(2) If z,y €1, then M = ¢(a,,a,) if and only if x < y.
(3) If (@ ..., Upm) is an atomic 7i-formula, 1 < -+ <, and y1 < -+ < Yo,
then
MEY(ay,,. .., a0z, ) i ME=Y@y,,...,a4,,)

Suppose T is a theory such that for each dense linear order [, T" has an Ehrenfeucht-
Mostowski model where the order is definable by an L., -formula. We will only
consider linear orders of some fixed set B. Let g be a dense linear order such that
every linear order of B is a submodel of Iz. Let EM;(lg), 7', ¢, n, (as)ze1, be
such that the conditions of Definition 4.3 are satisfied for [g.

If [ C lp is dense, then we define EM;(l) as the submodel of EM;(lg) generated
by @., x € I. Notice that EM;(l), 7%, ¢, n, (as)ze satisfy the conditions of
Definition 4.3 for I.
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We call the linear order [ the index model of EMy(l). The indexed set (az)qe;
is the skeleton of EM;(l), and the tuples a,, x € [, are the generating elements of
EM; (). Let us denote EM (1) = EMy(1) | 7.

Suppose T is a theory such that for each dense linear order [, T" has an Ehrenfeucht-
Mostowski model where the order is definable by an Lo, -formula, and B contains
only wi-dense linear orders. Then we can define EM; (1) and EM(I) for all [ € B
as above.

Definition 4.4 (Generalized Ehrenfeucht-Mostowski models). We say that a func-
tion @ is proper for K., if there is a vocabulary 7! and for each A € K., there is
a model M and tuples as, s € A, of elements of M; such that the following two
hold:
e Every element of M; is an interpretation of some p(as), where u is a 71-
term.

L4 tpat(a@a@aMl) - q)(tpat(ngaA))

Notice that for each A, the previous conditions determined M1 up to isomor-
phism. We may assume My, as, s € A, are unique for each A. We denote M; by
EM' (A, ®).

We call A the index model of EM*(A, ®). The indexed set (as)sc 4 is the skeleton
of EM(A, ®), and the tuples as, s € A, are the generating elements of EM!(A, ®).

Suppose T is a countable complete theory in a countable vocabulary 7, 7! a

Skolemization of 7, and T' the Skolemization of T' by 7'. If there is a proper
function ® for K., then for every A € K;., we will denote by EM(A,®) =
EM'Y(A,®) | T.

We call EM;(l) and EM' (A, ®) Ehrenfeucht-Mostowski models. As it was men-
tioned before, the sets of indiscernibles play an important role in the Ehrenfeucht-
Mostowski models. For more on indiscernibles and types see [41] and [50], where
indiscernible trees and generalized indiscernible sets are studied.

Definition 4.5. Let €, < k be regular cardinals.

e A € K} of size at most k, is locally (k,¢)-nice if for every n € A\P,;“,
(Suca(n), <) is (k,e)-nice, Suca(n) is infinite, and there is & € Pj‘ such
that n < €.

o Ac K] is (< k)-stable if for every B C A of size smaller than &,

k> |{tpps(a, B, A) | a € A}|.

By Theorem 2.18, we know that there is a linear order that is e-dense, (< k)-
stable, (k,e)-nice, and k-colorable.

Even though in this section we are working under the assumption 8 = 2, the
following two results are true for any 8 < k.

Lemma 4.6. For every f € 8%, p < B, and n € (Jf)<, there is £ € (Jg), such
that n < & and cf(€) = p.

Proof. Let f € 8", such that n € (J4)<, and r = dom(n). By The construction of
Jy, there is ' € (Jg4)<~ such that n < 7’ and n = dom(7n’) is a successor ordinal.
Let us construct &, such that n < £ and ¢s(§) = p.
e {In=1.
o ifn<m <,
- &(m)=&(n-1)+1
— &2(m) =&(n —1) +&(n —1).
= &(m) = &(n) + .
— let p and ¢ be such that dom(¢) = [n,7), ¢ € 252(")’53(71) with ¢(¢) = p.
Such p and ( exist by Definition 3.2.
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— &(m) =o.
- £5r[n,'y) = C
By the way we defined &, we know that £ € Jy and < §. By the item (8) (a)

on the construction of Jy, we know that cs(§) = (&5 [n,y)) = p-
O

Definition 4.7. For every f € 2%, define the tree Ay C A/ by: x € Ay if and only
if x is not a leaf of A/ or x is a leaf such that dy(z) = 1. For every f € 2%, define
the k-representation Ay = ((Ay)q | @ < k) of Ay by

(Ap)a={ne€As|ne AL},

where A = (Af | a < k) is the k-representation introduced in the proof of Theorem
3.16.

Theorem 4.8. For any f € 2%, Ay is a locally (k,€)-nice and (< k)-stable ordered
tree and satisfies: For all f,g € 2%,

[ =g e A=A,
Proof. Recall that v is such that for all &« < k, a7 < &, from Fact 3.16, we know
that for all f, g € 2%,

f=2geA=A,
From the way that Ay was constructed, we know that for alln € Af\Pi:lf, (Suca,(n), <
) is (K, €)-nice and Suca,(n) is infinite. From Lemma 4.6 and the way Ay was con-

structed, for all n € A f\PA;4 f there is ¢ € Pf such that n < £. Since the branches
of the trees Ay have length at most v+ 1 and I is (< k)-stable, then the trees Ay
are (< k)-stable. O

The trees Ay are not the index models, we will use these trees to construct the
index models (depending on the theory). Clearly, the properties of the trees Ay
will be important. A very important property that we will need is homogenicity,
it is related to indiscernible sets. Let v < k be a regular cardinal, a tree A is
v-homogeneous with respect to quantifier free formulas if the following holds:

For every partial isomorphisms F : X — A, where | X| < ¢ is a subset of A, and
a in A; there is a partial isomorphisms g : X Ua — A that extends F.

See [22] Chapter 19, for more on homogeneous models.

Fact 4.9. For all f € 2%, Ay is e-homogeneous with respect to quantifier free
formulas.

Proof. Since I is e-dense and by the way Ay was constructed, we know that for all
f €2, Ayis closed and for all n € Ay, =P, (n), < [Suca,(n) is e-dense. Therefore,
for all f € 2%, X C Ay with |X| < ¢, partial isomorphisms F' : X — Ay, and
a € Ap\X; there is b € Af\F[X] such that b = F(tpgs(a, X, Ay)). O

We have finished the general preparations. The trees Ay will be used to con-
struct the index models, we can proceed to construct the models (depending on the
theory).

4.2. Stable unsuperstable theories. This case was studied in [37] under the
assumption v = ¢ = § = w, thus Ay € K. In particular, in [[37], Definition 4.5]
the models were constructed by M7 = EM (A, ®). Notice that this construction
requires the existence of a proper function ® for K., this can be found in [46]
Theorem 1.3, with proof in [47] Chapter VII 3.

Even more, in [37] the following was proved.
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Fact 4.10 (Moreno, [37] Lemma 4.8). If T is a countable complete unsuperstable
theory over a countable vocabulary, then for all f,g € 2%, f =2 g if and only if
EM(A;, ®) and EM(A,, ®) are isomorphic.
4.3. Superstable theories with the OTOP. For the OTOP case we will use
f=ec=w,and Q@ =Q.

The following facts follow from the proof of [[44], Theorem 2.5] and the fact that
a theory T with the OTOP is weakly unstable as an L,,,,-theory, [[21], Definition
6.4 and Definition 6.5]; see [[21], Theorem 6.6].

Fact 4.11. Suppose T is a theory with the OTOP in a countable vocabulary T.
Then for each dense linear order | we can find a model N of a countable vocabulary
71 D 7 such that N is an Ehrenfeucht-Mostowski model of T for 1, where the order
is definable by an Lo, -formula.

Fact 4.12. Let M be an Ehrenfeuchit-Mostowski model of T forl, and A = (Gz)zei-
If | is dense, then A is a set of indiscernibles relative to Lo, .

Definition 4.13. For every f € 2% let us define the order K°(f) by:
L dom KO(f) = (dom Ay x {0})U{(n,1) | n€ A & As I~ P,(n)}.
II. For all n € Ay such that Ay = P,(n), (7,0) <go(p (n,1).
III. If n,& € Ay such that Ay = P, (€) vV Py(n), then n < ¢ if and only if

(1,0) <go(s) (£ 0) <go(yp (§1) <ko(s) (n,1).
IV. If n,& € Af such that Ay = P, (§) and Ay = Py(n), then n < £ if and only
if
(7,0) <go(s (£,0) <go(p (n,1).
V. If n,§ € Ay, then n < £ if and only if (1, 1) <go(s) (&,0).

Notice that K©(f) is dense.

Lemma 4.14. Suppose T is superstable with the OTOP in a countable relational
vocabulary 7. Let ' be a Skolemization of 7, and T' be a complete theory in
7! extending T and with Skolem-functions in 7. Then for every f € 2% there is
M{ = T with the following properties.

(1) There is a map H : Ay — (dom M{)” for some n < w, N+ ay,, such that
M is the Skolem hull of {ay | n € Ay}. Let us denote {a, | n € Ay} by
Sk(M]).

(2) M =M |7 is a model of T.

(3) Sk(MY) is indiscernible in MI relative to Loos,.

(4) There is a formula ¢ € Loy (T) such that for all n,v € Ay and m < v, if
Ay = Pn(n) A Py(v), then MY = ¢(ay, ay) if and only if Ay =n < v.

Proof. By Fact 4.11, and Fact 4.12, there is an Ehrenfeucht-Mostowski model M{
for the linear order K9 (f) where the order is definable by a L.,-formula . Sup-
pose 77 = (1o, ...,M,) and € = (&, ...,&,) are sequences in Ay that have the same
quantifier free type. The sequences

<(Tlo, 0)7 (770, 1)7 (7717 0)7 R (nnv 0)7 (nnv 1)>
and
<(£07 O)a (507 1)’ (517 0)7 ] (fnv O)v (gnv 1)>
have the same quantifier free type in K9(f). Let the skeleton of ./\/l{ be {a, |
x e KO(f)}.
Let us define the A ¢-skeleton of M to be the set

{amo) " amyy | n€ Ay & Ap lE Py(n)} Udag,0) " amo) | n € Af & Ap = Py(n)}
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For all n € Ay such that Ay [~ P,(n), let us denote b, = a,,0)" a(y,1). For all
n € Ay such that Ay = P,(n), let us denote b, = a(;,0) " a(n,0). It is clear that (1)
and (2) follow from the construction. Fact 4.12 implies (3). Let us show that (4)
holds. From the construction, K©(f) is definable in M/ by the formula (4, ¢),
ie. M/ = i(ag,ay) if and only if KO(f) E o < y. Let p(zo,71,Y0,%1) be the
formula

(0, 90) N Y(y1, 1)

Therefore, for all n,v € Ay and m < v such that Ay = P, (n) A Py(v),

o((an,0), (an, 1), (ay,0), (ay, 1))
holds in M/ if and only if Af =n < v. O

4.4. Unstable theories. For the unstable case we will use § = e = w, and Q@ = Q.
Thus the construction of the models follow as in the OTOP case.

Fact 4.15 (Shelah, [43]; Hyttinen-Tuuri, [21] Lemma 4.7). Suppose T is a complete
unstable theory in a countable vocabulary 7. Then for each linear order | we can
find a model N of a countable vocabulary 7' O T such that N is an Ehrenfeucht-
Mostowski model of T for 1, where the order is definable by a first order formula 1.
Even more, A = (Gz)zel is a set of indiscernibles relative to L., .

Since we do not need a dense linear order, we can define (1, 1) also for elements
at the level 7.

Definition 4.16. For every f € 2% let us define the order KY(f) by:
L dom KY(f)= (dom Ay x {0}) U (dom Ay x {1}).
IT. For alln € Ay, (1,0) <guv(sp (n,1).
III. If n,& € Ay, then n < £ if and only if

(7,0) <gv(p (£,0) <gu(p (1) <gvp (0,1).
IV. If n,§ € Ay, then n < § if and only if (n,1) <guv (g (,0).

Lemma 4.17. Suppose T is a complete unstable theory in a countable vocabulary
7. Let 7' be a Skolemization of T, and T* be a complete theory in T extending T
and with Skolem-functions in 7. Then for every f € 2% there is M{ = T with the
following properties.

(1) There is a map H : Ay — (dom M for some n < w, n ay, such that
M is the Skolem hull of {an | m € Ay}. Let us denote {a, | n € Az} by
Sk(m).

(2) MI = /\/l{ [ T is a model of T

(3) Sk(MJ) is indiscernible in M{ relative to Ly,

(4) There is a formula ¢ € L, (T) such that for all n,v € Ay and m < v, if
Af = Pp(n) A Py(v), then M7 = ¢(ay, ay,) if and only if Ay =n < v.

Proof. Similar to Lemma 4.14. Instead of using Fact 4.11 and Fact 4.12, use Fact
4.15. O

4.5. Superstable theories with the DOP. For the DOP case we will use ¢ = wy,
thus 8 = 2¢ = ¢. Let us denote by SH(X) the Skolem-hull of X, i.e. {u(a) |
a € X, p an 7l-term}.

Fact 4.18 (Shelah, [45], Fact 2.5B; Hyttinen-Tuuri, [21] Theorem 6.1). Suppose T
is a countable superstable theory with the DOP in a countable vocabulary . Then
there exists a vocabulary 1 D 7, |7t = w1, such that for every linear order | we
can find a T'-model N which is an Ehrenfeucht-Mostowski model of T for I, where
the order is definable by an Ly, -formula.
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Definition 4.19. For every f € 2% let us define the order K (f) by:
L dom KP(f) = (dom Ay x {0}) U (dom Ay x {1}).
II. For all n € Ay, (1,0) <gps) (1,1).
III. If n,§ € Ay, then n < £ if and only if

(1,0) <kxo(p) (§,0) <gp(p) (§,1) <kpo(p) (0,1).
IV. If n,€ € Ay, then n < £ if and only if (n,1) <gnp(s) (£,0).

Lemma 4.20. Suppose T is superstable with the DOP in a countable relational
vocabulary 7. Let ' be a Skolemization of T, and T' be a complete theory in
7! extending T and with Skolem-functions in 7. Then for every f € 2% there is

M{ = Tt with the following properties.

(1) There is a map H : Ay — (dom MI)™ for some n < w, n — ay, such that
M is the Skolem hull of {an | n € Ay}, Let us denote {a, | n € Az} by
Sk(M]).

(2) MI = MI 17 is a model of T.

(3) Sk(MY) is indiscernible in MY relative to Ly, .

(4) There is a formula ¢ € Ly, ., (T) such that for alln,v € Ay and m <, if
Af = Pp(n) A Py(v), then M7 &= ¢(ay, ay,) if and only if Ay En <wv.

Proof. Similar to Lemma 4.14. Instead of use Fact 4.11 and Fact 4.12, use Fact
4.18. Only property (3) requires a proof. Let 5 and  be n-tuples of elements of A/
such that tpa: (5,0, AT) = tpas (£, 0, AF). Since tpas (5,0, AF) = tpa(t, 0, AF), there
is a partial isomorphism F : S — Af such that F[S] = T, where S and T are the
sets of the elements of 5 and #, respectively.

Claim 4.20.1. For all ¢(z) € Ly,., with n free variables, MJ |= (as) holds if
and only if M1 = o(az) .

Proof. We will proceed by induction on the complexity of ¢(z). The non-trivial
cases are the quantifier cases.

Case 3. Let ¢ be of the form 3(u)y(x), where ¢ satisfies the property of the
claim. Suppose ./\/l{ = ¢(as). There is a countable tuple v € M{ such that
M{ E v[as, v]. By the construction of ./\/l{, there is a countable set B C Af such
that for all i < w there is p;, m(i) < w, and a tuple (2§, .. .,zﬁn(i)) of elements

of SU B such that v; = p;(a,...,a,: ). Since A7 is wi-homogeneous, there

m(i)
is a partial isomorphism F : S U B — Af that extends F. By the way M{ was
constructed, there is a partial isomorphism F : SH({a, | € s U B}) — ./\/l{
such that F(a,) = ar). For all i < w, let w; = F(y), @ = (wo,...). So
M = p(az, @), we conclude that M = o(az).

The case M7 |= p(ay) is similar.

Case V. Let ¢ be of the form V(u)y(x), where 9 satisfies the property of the
claim. Let us suppose, towards contradiction, that MY |= o(as) and MY £ o(az).
Therefore, there is a countable tuple @ € ./\/l{ such that M{ E —wla;, @]. By a
similar argument as in the existential case, we can conclude that there is ¥ € ./\/l{
such that MJ = —)[as, 7]. On the other hand, M{ |= ¢(as) implies M = 1[as, 7],
a contradiction.

d

Property (3) follows from the claim.



SHELAH’S MAIN GAP AND THE GENERALIZED BOREL REDUCIBILITY 45

4.6. The isomorphism theorem.

Definition 4.21. Let A€ K., BC Aandn € A.

tro

e We say that B is downward closed if for allp € B, n|m € B if m < lg(n).
e Let d(n) = (77 ra)aglg(n)-

Fact 4.22 (Hyttinen-Tuuri, [21], Lemma 8.11). Let A € K, and B C A, B
downward closed. Let 1 = (n9,....,n7) and 72 = (93,...,n%) be sequences of
elements of A. Suppose:

hd tp(ﬁlaq)aA) = tp(ﬁQ,@,_A); )

o for all i <mn, tpys(d(n}), B, (4, <, <)) = tops(d(n%), B, (A, <, <)).
Then tpys(1, B, A) = tpps(ij2, B, A).

Theorem 4.23. Suppose T is a non-classifiable first order theory in a countable
relational vocabulary T.
(1) If T is stable unsuperstable, v = w, and for all o < Kk, o < K, then for all
frge2r
[ =2 giff MI = M9,
(2) If T is unstable or superstable with the OTOP, w < v < & is such that for
all « < K, a7 < K, then for all f,g € 2"

f =2 gif MI = Mo,

y
(3) If T is superstable with the DOP, k is inaccessible or k = AT and 2° < ),
and wy < v < K s such that for all o < k, @7 < K, then for all f,g € 27,

f =2 giff M/ = M0,

v
Proof. The case T stable unsuperstable, follows from Fact 4.10. Let us prove the
case when T is either unstable or superstable. Recall the assumptions of each case

e If T is unstable, then e = w and L = L,;
e If T is superstable with the OTOP, then ¢ = w and L = Lo;
o If T is superstable with the DOP, then € = w; and L = L, ., ;

By Theorem 4.8 f :3 g holds if and only if Ay = A,. It is enough to show that
Ap = Ay iff MT =2 M9,

=) It is clear that if Ay = A/, then M/ =2 M9,

<) Recall the filtration Ay from Definition 4.7. For all f € 2%, n € Ay, Ay &
Py(n), and a < k let

BI(n,a) = Suca, (1) N (Ag)a-

It is clear that (Bf(n,) | @ < k) is a k-representation of Suca,(n). By Theorem
4.8 Ay is (k,€)-nice, in particular Suca,(n) is isomorphic to I. Since any two
representations coincide in a club, for any 7 € Ay there is a club C), such that for
all 6 € €y, with ¢f(6) > € and v € Suca,(n) there is 3 < ¢ such that

Vo € B/ (,0) [0 >v =30’ € B/(n,8) (6 >0’ >)].

Let

Ol ={6 <k |cf(8)>¢cand forall n € (Af);, 6 € Oy}
and CY be C7 closed under a-limits for a < . Notice that C7 is a club that satisfies
that for all § € C¥ with cf(6) >, n € Ay, Af = Py(n), and v € Suca,(n),

Vo € BY(,0) [0 >v =30’ € B/(n,8) (0 >0’ >v)].

Let us define CY in a similar way. Let Cy = C/ N C9.
Assume, for sake of contradiction, that f,g € 2" are such that f 7é,2y g, and
M7 are M9 isomorphic. Since f 75% g, there is a stationary set S C ST such
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that for all & € S, f(«) # g(«). Assume, without loss of generality, that S C Sy
is a stationary set such that for all @ € S, f(a) = 1 and g(a) = 0. Let F be an
isomorphism from M/ to M9.

Let us denote by @, and be the elements of Sk(M]) and Sk(M?). For a sequence
a=(a°...,a™) from M7 we denote F(a) = (F(a"),...,F(a™)) and for a sequence
o= (v%...,0%) from Ay we denote by = b, " b, . For each n € Ay let

F(ay) = (py(bs,), - 11y (b5,)) = fin(bs, ),
where m = lg(a,) — 1, ,uf7 are 7l-terms and @, is a finite sequence of elements of
Ay _
Let v, = (’U%)i<lg(17n)' Let
o (= {(5 e Cy |V’I7 S Af (77 S (Af)5 implies Uy - (Ag)5>};
e O, ={0€C|Va<§Vne (As)s Yor € B (n,k) 302 € B/ (1, 9)

[Us,, s, realizes the same atomic type over (Ay), and fiy, = fio,]}

e Co={de€Ch|cf(d) >~}
o C={0€Cy|6eCy&disalimit point of Ca}.

It is clear that C; is a club. Since A, is (< k)-stable ordered tree, there are less
than  possible bs-types of U5, over (A4,)q, and since |7!| < k, there are less than
# possible terms fiq,, so Cy is a club. Thus C5 NS # . Since S € S%, CoN S # 0.
So SN C # 0 and it is a subset of S%.

Let 6 € SN C, so there is n € Ay, such that:

(1) Af = Py(n).

(2) Foralln <~,nlne(Af)s.

(3) For all a < 4, there is m < «y such that n [ m ¢ (Af)a.

For each n < lg(v,) there is o, € Co N6 such that one of the following holds
L vy € (Ag)an,-
IT. There is my, < lg(vy) such that for w® = v} | m,, and w* = v} [ (m,, + 1)
the following hold

e W' € (Ay),, and w' ¢ (Ay)s.
e Vo€ BI(w®,0) [0 >w! = Fo' € BI(w, a,) (00 > 0" > wh)].

By the construction of A, and since g() = 0, there is no v ¢ (Agy)s with
Ay = Py (v) such that for all n <, v [n € (4y)s.

Let a = maxz{a, | n < lg(vy,)}, clearly @ € Co Nd. Since § € C'N S, there is
x € C5 such that a < x < 4.

Notice that ¢f(x) > v, therefore for all n < v limit, either n[n € (Ay), or there
is n’ < n such that n [n’ € (Af), and n [n' +1 € (Ay),. Let n < v be maximal
such that n [n € (Af)y. Let G =n[(n+1),s0 (1 € (Af)y. Since x € Ca, there
is (o € Bf(nln,x), fic, = fic,, and ¥, and ¥¢, have the same atomic type over
(Ag)a- Notice that (1,(2 € (Af)s, S0 T¢,, T¢, € (Ag)s-

Claim 4.23.1. tpat(ﬁa@n,(b,Ag) = tpat(f)af}n,@,Ag)
Proof. By Fact 4.22 it is enough to show that for each n < lg(,, ),
tps (d(vg, ), d(Tn), (Ag, <, <)) = tpps(d(vg,), d(Ty), (Ag, <, <))
Let vf [r1 € d(vf) and ok Try € d(vy).
Case v} [11 = v¥ | ro. Notice that r; = r5. Since vg, € (Ag)s, U,’j [ € (Ag)s

n
and v} [ 71 € (Ag)a,. Therefore v, [71 € (Ag)a. Since vf and vf, have the same

type over (Ag)a, v, [ 1 < vg,. Thus

k
vZ, [re =g, [r1=v, [ ro.
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Case v?l [r] < v,’j [ r9. As in the previous case, we can conclude that ’UZLl [r €
(Ag)a- Since vf, and vy, have the same type over (Ag)a, v, [r1 < v,’? [ 7o

Case v’; [re <vf [T1. As in the previous case, we can conclude that v’; [y €
(Ag)a- Since v and v, have the same type over (Ag)a, v’; [re <vf, [ 71

Case v [r1 < v’g [ 9. Clearly r1 = rq. If vf; 12 € (Ag)a, then v, [ < vf; [ 79
(since vy, and v, have the same type over (Ag)a).

Let us take care of the case vf [ 72 ¢ (Ag)a- S0 1y > my, and v} [ ry & (Ag)s.

7’; [ro —1 < v [ 71, and v Iri € (Ag)s, 2 = my + 1. By II above,

vg, ' € (Ay)s implies that there is ¢’ € (Ay)s such that vl [ < o < v§ [ 7.
Since vg, and vf, have the same type over (Ag)as v, 11 < o < vﬁ [ 79

Since v

Case vl [r1 > v’g [ ro. Following the proof of the previous case, we only have
to take care of the case v’g 7o ¢ (Ag)s and 7o = my, + 1. Since v, [m € (Ag)s,
vg I =+ vfj [ r9. Therefore either vz, [r < vf; [ 7o or vf,' [re < vg, [ 1. Let us
suppose, towards contradiction, v,’? 2 > v, [ 71. By II above, vg, Ir1 € (Ag)s
implies that there is 0’ € (Ag)q such that o7, [r1 < o' < vﬁ [rog < g [ri. A
contradiction, since vf, and v, have the same type over (Ag)a-

O

From the previous claim and the way MY was constructed (see Theorem 4.14
(3), Theorem 4.17 (3), and Theorem 4.20 (3)), we know that

tpL (Z_)T)a@n 5 @7 M) = tpL(EﬁE;T)n B wv M)
Since /7’(1 = ﬂ(zv
MY E @(fin(bs, ), g, (ba, ) © @(fin(bs,), fica (b, ))

SO

M{ ): ‘P(dna a’ﬁ) And 90(6‘777 a’Cz)'
On the other hand, since (; < n and (s 4 7,

Mf ': 90((_7“77’ d@) A _'90(&777 dCz)v
a contradiction, since Mf = M{ [7and ¢ € L(7).

5. GENERALIZED BOREL REDUCIBILITY

Now that we have constructed the models in detail, taking care of every possible
constant and variable, we have all we need to prove Theorem A and give an answer
to Friedman-Hyttinen-Kulikov’s conjecture. We can also prove Theorem B, which
gives an answer to “How big can the gap be?”

5.1. A Borel reducibility Main Gap in ZFC. The first step to prove Theorem
A, is to construct the continuous reduction

:»2y e Er
for each kind of non-classifiable theory.

Theorem 5.1. Let k be inaccessible or k = A\t = 2*. Suppose T is a countable
complete non-classifiable theory over a countable vocabulary, 7.

(1) If T is stable unsuperstable, then let 6 = v = w.

(2) If T is unstable, or superstable with the OTOP, then let 0 = w and w <

v < K.
(3) If T is superstable with the DOP, then let § = 2 = ¢ and wy < 7y < K.
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If 0, v, and k satisfy that Yo < k, " < K, and (2°)* <k, then
:?Y o =

Proof. For every f € 2%, we will construct a model M isomorphic to MY. We
will also construct a function G : {My | f € 2%} — 2%, such that Ag,) = My
and f +— G(My) is continuous. By Remark 3.17, Definition 4.7, and the definition
of (Af)a;

fla=glas (Af)a = (4g)a-
For all a < k, A € K., and a r-representation A = (A, | . < k) of A, let us denote
by A, the set {as | s € Ay}, recall the construction of M{ Since for all o < &,

(Af)a = (Ag)a ~ SH((Af)a) = SH((Ag)a)a
for all f we can construct a tuple (M, Fy), where M/ is a model isomorphic to

M7 and F My — M/ is an isomorphism, that satisfies the following: denote by
M o the preimage Ffl[SH((Af)a) I 7] and

fla=glae Mj,=Mgy..
For every f € 2% there is a bijection Ef : dom(My) — &, such that for every
frge2fand a <k, if fla=g|aq,then Ef [dom(M; ) = Ey | dom(Myg,q) (see

[36]). Let us denote by 7 the bijection 7, from Definition 1.11, define the function
G by:

1 if a =m(m,a1,as,...,a,) and

G(My)(a) = My E Qu(Ef (1), Ef ' (a2), ..., Bf  (an))

0 otherwise.

To show that G : 2% — 2%, G(f) = G(My) is continuous, let [¢ [ o] be a basic
open set and & € G7Y[¢ | a]]. There is 8 < & such that for all € < a, if € =
m(m,as,...,a,), then Egl(ai) € dom (Mg g) holds for all i < n. Since for all n €
[€ | B] it holds that M,, g = M g, for any € < « that satisfies € = w(m, aq,...,an)

My |E Qu(Ey (a1), By (az), ., By (an))
if and only if
Me |: Qm(Eg_l(al)a Eg_l(a2)7 A Eg_l(a’n))
We conclude that G is continuous. The result follows from Theorem 4.1. O

For any stationary set X C k, let us denote by {x the following diamond
principle.

There is a sequence {fo € a® | & € X} such that for all F' € k", the set {oa € X |
fa = F | a} is stationary.

For every regular cardinal 1 < k, let us denote by <, the diamond principle ¢ x
when X = 5).

Fact 5.2 (Hyttinen-Kulikov-Moreno, [18] Lemma 2). Assume T is a countable
complete classifiable theory over a countable vocabulary. If &, holds, then Zp —.

W
Fact 5.3 (Friedman-Hyttinen-Kulikov, [9] Theorem 77). If a first order countable
complete theory over a countable vocabulary T is classifiable, then for all p < K
regular, :Z g .

Corollary 5.4. Let k = AT = 2*. Suppose T} is a countable complete classifiable

theory, and Ty be a countable complete non-classifiable theory over a countable
vocabulary.

(1) If Ty is stable unsuperstable, then let = v = w.



SHELAH’S MAIN GAP AND THE GENERALIZED BOREL REDUCIBILITY 49

(2) If Ty is unstable, or superstable with the OTOP, then let § = w and w <
v <K.
(3) If Ty is superstable with the DOP, then let 0 = ¢ and wy < v < K.

If 20 < A=\, then
=1 e :?Y e =27, and Z,Qy g A

Proof. Since \Y < k = AT, ¢cf(\) > 7. By [48] we know that if x = AT = 2* and
cf(X) > ~, then ¢ holds. The result follows from Theorem 5.1, Fact 5.2, and Fact
5.3. U

By putting all these results together, we can prove Theorem A. As we have seen,
the cardinals €, 6, and v are the ones that ensure the existence of the continuous
reduction. Thus different cardinals (e, 0, and 7) generate different reductions, so
Theorem A can be stated in more detail. Notice that under the assumptions of Fact
1.20, the third item of Theorem 5.5 uses :2/ for all regular cardinals w < v < A.
This contrast with Fact 1.20, in which the statement is about =3.

Theorem 5.5 (Borel reducibility Main Gap). Suppose k = At =2* and 2° < \ =
At If Ty is a countable complete classifiable shallow theory, T is a countable com-
plete classifiable theory not shallow, and T3 is a countable complete non-classifiable
theory, then the following hold:

(1) Gap: Classifiable vs Non-classifiable. For T =Ty, T5:
S e &y and =r, Hp S
(2) Simple Gap: Classifiable vs Non-classifiable. For T = Ty, T5 there is
v < Kk such that:
=1 e :i e 1y and =q, Srp S
In particular
=2 g =p .

(3) Gap: Classifiable vs Unstable or Superstable. If A is such that
A= AA Forall w < v < X regular, T3 is unstable or superstable, and
T="T,T5:

Sy e =2 e Zp, and Zp, S S
In particular
=2 p =p.

(4) Gap: Shallow vs Non-shallow. If k = X, is such that 3o, (| p |) < &,

then

= =B 0. —p =, —e Sy .

In particular,

gTB 7L>B gTz <7L>7_ 0k r7L>7' ng :

(5) General gap: Shallow vs Non-shallow. If T is a classifiable shallow
theory such that I(k,T) < I(k,T1), and k = X, is such that 3, (| p |) < &,
then

=r =B =n =B =0 e =1y -

In particular
&1, P En P En e S

Proof. (1) It follows from (2).
(2) Notice that x = AT = 2% and 2° < X\ = A“! imply that for all a < &,
a¥t < k. The result follows from Corollary 5.4 with v € {w,ws }.
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(3) Notice that k = AT = 2* and 2° < A = A< imply that for all @ < x and
v < A, @¥ < k. The result follows from Corollary 5.4.
(4) Tt follows from item (1), Fact 1.16, and Proposition 1.17.
(5) It follows from item (3), Fact 1.16, and Proposition 1.17.
O

This solves Friedman-Hyttinen-Kulikov conjecture. The second item of the pre-
vious theorem tells us that depending on the theory T', we use v = w or 7 = w; to
construct the reduction :,2y — Zp. Friedman, Hyttinen, Weinstein, and Moreno
([9] and [35]) asked whether there is v < & such that =2 <. =7 holds for any

¥
theory T. The previous theorem give us a partial answer to this question.

Corollary 5.6. Suppose k = A\t = 2* and A = \*. Let T} be a countable complete
classifiable theory and Ts be a countable complete non-classifiable theory. If Ts is
unstable, or superstable with the OTOP, or stable unsuperstable, then

2 2
ng e =L e gTQ and =, ‘7L>B ng .

Corollary 5.7. Suppose k = AT = 2* and 2° < X\ = A1, Let T} be a countable
complete classifiable theory and Ty be a countable complete non-classifiable theory.
If w < v < A, and Ty is unstable, or superstable, then

~ 2 ~ 2 ~
=1 e =5 e =1, and =5 7L>B =7 -

A more detailed study of the cardinals ¢, 6, and ~y, might lead to a complete
answer to this question.

Now that we have showed that classifiable theories are less complex than non-
classifiable theories, we can turn our attention to the question “How far apart are
the complexities?”.

5.2. Main Gap Dichotomy. Theorem 1.2 (Shelah’s Main Gap Theorem) tells us
that a non-classifiable theories are more complex than classifiable theories and that
their complexities are far apart. Theorem A is a Borel reducibility counterpart
of the first part, but it does not tell us how far apart are the Borel reducibility
complexity of different theories (except for the Borel non-reduction). To find a
counterpart of “their complexity are far apart”, we have to study how many equiv-
alence relations are strictly between =p, and =7,? where T} is classifiable and 75
is not.

We can make the gap as big as we want by using the Dense non-reduction theo-
rem. Recall that Baire measurable is weaker than being Borel, thus also continuous
(Definition 1.13).

Fact 5.8 (Dense non-reduction; Fernandes-Moreno-Rinot, [8] Corollary 6.19). There
exists a cofinality-preserving forcing extension in which for all two disjoint station-
ary subsets X, Y of k, =% S pm =%

Theorem 5.9. Suppose k is inaccessible, or k = AT = 2% and 2° < X\ = \“1.
There exists a cofinality-preserving forcing extension in which the following holds:
If T\ is a classifiable theory and Ty is a non-classifiable theory. Then there is a
regular cardinal v < £ such that, if X, Y C ST are stationary and disjoint, then
=% and =% are strictly in between =y, and 7, .

Proof. Tt follows from Theorem 5.1, and Fact 5.8. O

In the previous theorem, we can replace the assumption when k is a successor
cardinal by £ = k<% = \*, 2% > 2¢ and A<* = \. This can be done because the
forcing in Fact 5.8 preserves <>y, the result follows from Fact 1.22 and Fact 5.8.
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The forcing extension from Fact 5.8 is a model in which filter reflection fails (see
[8]). Omne might think that filter reflection makes the gap smaller, but it is the
opposite. Some cases of filter reflection, imply that the isomorphism relation of
non-classifiable theories is 1 (x)-complete.

A TIi-sentence ¢ is a formula of the form VX 3Y ¢ where ¢ is a first-order sentence
over a relational language £ as follows:

L has a predicate symbol € of arity 2.

L has a predicate symbol X of arity m(X).

L has a predicate symbol Y of arity m(Y).

L has infinitely many predicate symbols (B, ),cw, each B, is of arity m(B,,).

Definition 5.10. For sets N and x, we say that N sees x iff N is transitive,
p.r.-closed, and z U {z} C N.

Suppose that a set N sees an ordinal «, and that ¢ = VX3Y ¢ is a I13-sentence,
where ¢ is a first-order sentence in the above-mentioned language L. For every
sequence (B, )ne, such that, for all n € w, B, C a™®) | we write

<aa SH (Bn)n€w> ):N (b
to express that the two hold:

(1) (Bn)new € N;
(2) (N,€) = (VX CamN3Y C a™)[(a, €, X, Y, (By)new) = @], where:
e ¢ is the interpretation of e.
e X is the interpretation of X.
e Y is the interpretation of Y.
e For all n € w, B, is the interpretation of B,,.

We write a* for |a|* and (a, €, (Bn)new) = ¢ for (o, €, (Bp)new) Fu_. ¢

Definition 5.11. Let x be a regular uncountable cardinal, and S C k a stationary
set.

DI (I1}) asserts the existence of a sequence N = (N, | a € S) satisfying the
following:

(1) For every a € S, N, is a set of cardinality < x that sees a.

(2) For every X C k, there exists a club C' C & such that, for all « € C'N S,
XNa € Ng,.

(3) Whenever (k, €, (B, )new) = ¢, with ¢ a Il3-sentence, there are stationarily
many « € S such that |N,| = |a| and (a, €, (B, N (a™B))),c.) En, ¢.

Fact 5.12 (Fernandes-Moreno-Rinot, [7] Theorem C). If DI§(I13) holds for S, then
=% is B1(k)-complete.

Corollary 5.13. Suppose k be inaccessible, or k = AT = 2* and 2° < X = \*1. Let
po =w, p =wi, and S; = {a < k| ¢f(@) = p;}. If Dlg (I13) holds for all i € 2,

and T is a countable complete non-classifiable theory, then =p is $1(k)-complete.

Fact 5.14 (Fernandes-Moreno-Rinot, [8] Lemma 4.10 and Proposition 4.14). There
exists a < k-closed kT -cc forcing extension in which DIS(I13) holds for all S C k
stationary set (S stationary in V).

Corollary 5.15. Let k be inaccessible, or k = AT = 22 and 2¢ < A = 1. There
erists a < k-closed kT -cc forcing extension in which for all countable complete
non-classifiable theory T, =1 is ¥.1(k)-complete.

‘We proceed to prove Theorem B.
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Theorem 5.16 (Main Gap Dichotomy). Let x be inaccessible, or k = AT = 2 and
2¢ <\ = A<, There exists a < k-closed kT -cc forcing extension in which for any
countable first-order theory in a countable vocabulary (not necessarily complete), T,
one of the following holds:

o =7 is Al(k).

o =7 is Y1(k)-complete.

Proof. Let us show that in the forcing extension of Corollary 5.15 the dichotomy
holds.

From Fact 1.14 (2), if a complete theory T is classifiable, then 22 is Al (k). So
for a complete countable theory T the result follows from Corollary 5.15. Suppose
T is not a complete theory. Let 7 be the vocabulary of T' and {7}, }n<2+ be the set
of all the complete theories in 7 that extend T". Notice that =7 = (), 0 =1,
therefore if =1 is a Al(k) equivalence relation for all o < k, then so is = since
2 < K.

Suppose T" is a complete countable theory in 7 that extends T such that =g is
not a Al(k) equivalence relation. By Fact 1.14 (2), T” is a non-classifiable countable
theory. By Corollary 5.15, 27/ is a X1 (k)-complete equivalence relation. It is easy
to see that the map F : k* — k"

Flo) = {n if A, =T

& otherwise,

where ¢ is a fixed element of £ such that A¢ = 17, is a Borel reduction of =7/ to
>, see [19] Theorem 4.10.
O

In [19] it was showed that there is a model in which there is a theory T such
that = is neither Al(x), nor 31 (k)-complete. Thus, Theorem 5.16 is not provable
in ZFC.

As we have seen the equivalence relations =% play an important role in the Main
Gap Dichotomy. Even thought the Main Gap Dichotomy is not a theorem of ZFC,
the isomorphism relation of a non-classifiable theory is still very high in the Borel
reducibility hierarchy, when it is not Al(x).

On the other hand, =% are Borel* sets, meaning that those relations can be
characterized by a game. In particular, the game that characterizes =2, (S = S%)
has length w. Thus Fact 1.18 and Fact 5.12, imply that ¢ is Borel* (under the
assumptions of Fact 5.12) for any theory T (classifiable or not classifiable). In
other words, DI§. (II3) implies the existence of a game of length w that captures
the isomorphism of models of size .

It is known that the isomorphism relation of classifiable theories is characterized
by the Ehrenfeucht-Fraissé game, EF/-game (see [9] or [47]).

T is classifiable if for any pair of models of T, A and B of size k, the second
player has a winning strategy in the game EF5(A,B) if and only if A and B are
isomorphic.

Generally speaking, there is a game of length w that captures the isomorphism of
models of classifiable theories. For non-classifiable theories we will need to use the
machinery of GDST to define a game of length w that captures the isomorphism of
models of any theory (in certain models of ZFC).

The Borel*-games are very useful to work with analytic relations, unfortunately
are also a very abstract object of GDST. Luckily the machinery of DIg(I1}) allow
us to interpret the Borel*-games in a more general and natural way.

A tree T is a kT, M-tree if all the branches have order at most type A\ and its
cardinality is less than x*. It is closed if every chain has a unique supremum in 7.
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Definition 5.17 (Models game). The game M (T, H,G,N,D,C, A, ) is defined
by the following parameters:
(1) Let T C k=“ be a closed kT, w+ 1-tree and denote by L(T) the set of leaves
of T
(2) Let H: L(T) — S and G : L(T) — k.
(3) Let N = (N, | @ € SE) be a sequence of sets such that for all @ € S% the
following hold:
e N, is transitive and p.r. closed,
o |N,| < &,
o aU{a} CN,.
(4) Let D be a transversal sequence of N, i.e. D = (D, | a € S%) € [Tocss Na-
(5) Let m < w and C = {C!, | a < K,i < m} a set of sets.
(6) Let A be a predicate of arity ma, {X; | i < 2} predicates of arity m;
respectively, and ¢ a I13-sentence involving predicates 4 and {X; | i < 2}.
For all 1 <m let
Z'={be L(T) | AN H(b)™* and Cg are both in Ny}
We say that b is i-valid if b € Z% and
(H(b), €, AN H(b)™*, DH(b)’ CzG(b)) ':NH(b) P-

The game M (T, H,G,N,D,C, A, ) is played by I and II as follows: The game
starts at the root of T" and I chooses an immediate successor of it. If after n moves
the game is at the node x, then:

e if n is even, then I chooses an immediate successor of x.

e if n is odd, then Il chooses an immediate successor of x.
After w moves the game continues at the unique limit, b € L(T'), of the chosen
nodes. The game finishes when a player cannot move. Player Il wins if one of the
following holds:

e for all i < m, b is i-valid,

e for all i < m, b is not ¢-valid.

We write I1 1 M (T, H,G, N, D, C, A, p) when II has a winning strategy for the
game M (T,H,G,N,D,C, A, ).

Lemma 5.18. Suppose DIS(I1}) holds. For all $1(k) equivalence relation R, there
are Tr, Hr, Gr, Ng, Dr, AR, and pg such that for all n,& € k* there is C(n, &)
such that

i T M(TR7 HRv GRaNRvﬁRv 0(77, 5)7 ARv @R) Zﬁﬂ R 5

Proof. Let R be a ¥} (k) equivalence relation. Let T be the tree of all the increasing
sequence of length at most w ordered by endextension, i.e. ( : k<* — k. For all
b € L(T) define H(b) = G(b) = sup(b). Let N = (N, | o € SE) be a DIg(II})
sequence. From [7] Theorem 3.5, there are A a predicate of arity 5 and a II3-
sentence ¢ such that
nRE & (k€418 ¢

¢ includes the sentence “R is transitive and reflexive”, a I13-sentence.

From the Transversal lemma ([7] Proposition 3.1) there exists a transversal D =
(Do | o € S5) € [1aesn Na satisfying the following:

For every ¢ € k", whenever (k,€,A,n,§) = ¢, there are stationarily many
a € S"w such that

(1) Do =( [, and
(2) (@ €, ANa® ] o€ a) En, .
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Finally, let C'(n,€) = {C! | a < k,i < 2}, where C0 =n [ a and CL = ¢ | a.
By [7] Theorem 3.5, n R & holds if and only if there is a club E C & such that
foralla e ENSE, nla, &€ N, and

<a5€7Ama57D0(’77 ra> ':Na <p @ <a7€7Ama57Da’€ ra> ):Na (p'
Claim 5.18.1.

I+ M(T,H,G,N,D,C(n,&),A,¢) iff n R E.

Proof. <) Suppose n R . Let E be the club mentioned above. By the way T
was defined, there is a strategy o for II such that the game always end in a leaf
b € L(T) such that sup(b) € E. Thus H(b) = G(b) € E. Therefore, b is 0-valid if
and only if it is 1-valid, and o is a winning strategy for II.

=) Suppose Il 1+ M(T,H,G,N,D,C(n,£),A, ). Let 0 be a winning strategy
for IT. We can represent o as a function o : k<% — &, so that if IT plays following o,
then IT moves from z to 7™ (o(x)). Let E? be the club of closed points of o (i.e. the
ordinals a < k such that o[a<¥] C @). Thus, for alla € E° NS5, nla,&[a € N,
implies

(o, €,ANa®, Dy,n | a) En, ¢ & (a,€,ANa’, Dy, €T a) EnN, ®.

Since N is a DI§(II3) sequence, there is a club E C E° such that [ a, & [ o € N,,.
By [7] Theorem 3.5, we conclude that n R & O

O

We know that for any theory, T', the isomorphism relation of T is ¥1(k). Thus
the existence of a DI§(I1}) sequence implies the existence of a game & (A, B) of
length w such that for any theory T' and models A, B = T,

A=B oI 1 6(A B).

Notice that other well known games (e.g. EFi-games or the determinacy games)
are Model-games, i.e. it is possible to code them as a Model-game with the right
parameters.

5.3. Few equivalence classes. In Section 1, Shelah’s Main Gap was presented as
a milestone in the program of the spectrum problem at uncountable cardinals. This
program started with the study of categoricity and ended with Hart-Hrushovski-
Laskowski theorem with all the possible values for the spectrum function [Theorem
61 [14]]. Mangraviti and Motto Ros studied the categoricity in GDST, Fact 1.19
characterizes uncountable categorical theories as those for which 7 is a clopen. In
their article, Mangraviti and Motto Ros show that there is no theory T such that
>~ is open not closed, due to the following result.

Fact 5.19 (Folklore; [32], Proposition 2.17). Let E be an equivalence relation on
k™. E is open if and only if E is clopen.

Recall &%, and 0, from Section 1. We know that if ¢ has ¢ < k equivalence
classes, then =r and 0, are Borel bireducible. It is clear that 0, is more simple
than =27. Thus, to determine which equivalence relation is more complex we would
need to use another type of reduction. To have a “microscopic” picture of this
complexities, we have to introduce a new type of reduction which is stronger than
all the ones we have used so far (<., < pum, < B, <, and —).

Definition 5.20. Let S C k be unbounded. We say that a function f : k" — k" is
S-recursive if there is a function H : k<% — k<" such that for all « € S and n € k",
f(m) (@) = H(n T a)(0) for all 8 < min(S\a + 1). The existence of an S-recursive
reduction of Ey to E; is denoted by Ejy —r(s) E1-
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Proposition 5.21. Let S C k be unbounded and f : K* — K" an S-recursive
function.

(1) f is continuous.
(2) If S is a club, then f is Lipschitz.

Proof. (1) Let &, € % and o < k be such that £ € f~![[n | o]]. Since S
is unbounded, there is 8 = min(S\«). By the definition of S-recursivity,
for all & < min(S\B + 1), f(§)(0) = H(E [ B)(0). Thus for all ¢ € [£ [ ]
and 0 < 5, F(O)(0) = H(C 1 5)(8) = H(E | B)(6) = F(E)(6). Since a < 5,
f(¢) € [[n 1 a]]. We conclude that f is continuous.

(2) Let ,€ € k" be such that A(n,&) =a < k. Son [ a=¢ [ a. We will show
that A(f(n), F(€)) > o

Case a € S.

Since f is S-recursive by H, f(n)(8) = H(n | «)(8) = H(E | )( )
f(€)(8) for all 8 < min(S\a+ 1). We conclude that A(f(n), f(§)) >

Case o ¢ S.

Let o/ = sup(SNa). Since S is closed, o/ € S. Let B = min(S\o/ + 1).
So for all 6 < 8, £(1)(6) = H(n | a')(6) and f(€)(6) = H(E | a')(6). Since
o <a< B, Hnlo)=H(E] ) Thus f(n)(0) = f(£)(0) for all § < S.
We conclude that A(f( ), f(f)) > B> a.

U

It is clear that the identity function is continuous and it is not S-recursive for
all S C k. The previous fact cannot be extended to any stationary set S C k. Let
S =S and k > wy, it is easy to see that the following function is S-recursive but
not Lipschitz.

0 ifa<w
f(M(e) =40 if a>w and n(w; +2) #1
1 otherwise
By the previous proposition, it is easy to see that S-recursive does not imply

k-recursive. The other direction is also true, i.e. k-recursive does not imply S-
recursive. The following function is x-recursive and not Sf-recursive for k > wy:

0 if @« =0 or « is a limit ordinal

fn)(a) = {

n(a—1) otherwise

Many known continuous reductions are indeed S-recursive reductions.

Fact 5.22 (Hyttinen-Moreno, [20] Theorem 2.8). Assume T is a countable complete
classifiable theory over a countable vocabulary, S C k a stationary set, and p a
regular cardinal. Then S — g, =5, in particular S —gg) =45.

Fact 5.23 (Hyttinen-Kulikov-Moreno, [18] Lemma 2). Assume T is a countable
complete classifiable theory over a countable vocabulary. Let S C k a stationary
set. If G holds, then =1 < gy =%, in particular = S R(S) =2.

Fact 5.24 (Fernandes-Moreno-Rinot). There exists a < k-closed kT -cc forcing
extension in which for all S C k, =% is ${(k)-complete by an S-recursive function,
i.e. for all X1 (k) equivalence relation E,

E ‘—)R(S) :% .

In particular the function is also k-recursive.
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We can also define S-recursive functions for bounded sets. Let S # () be bounded
and 8 = sup(S). We say that a function f : k® — k" is S-recursive if the following
hold

e There is a function H : kK< — k<% such that for all & € S and 5 € k",
f(m (@) = H(nla)d) for all < min(S\a+ 1).
e Forallnp,§ €™, if n[B=C,10, then f(n) = f(£).

If S = {f} for some § < k, then a function f : k" — k" is S-recursive if for all
n,§ €K, n B=¢&] 8 implies f(n) = f(£). Let us denote by <, the existence of
an S-recursive reduction when S = {a}. It is clear that any {a}-recursive function,
is S-recursive, where S = k\a. Thus {a}-recursive functions are Lipschitz.

These S-recursive functions are the Motto Ros’s full functions (see [39]).

Recall the relation 0,. We used this relation to study the the complexity of the
isomorphism relation of theories with at most x non-isomorphic models. We can
generalize this relation to understand these complexities better.

Definition 5.25 (Counting a-classes). Let a < & be an ordinal and 0 < ¢ < & is
a cardinal. Let us define the equivalence relation o, € k" x " as follows: 7 a, &
if and only if one of the following holds:
e o is finite:
= () =&(a) <o—1;
- n(a)7€<a) > 0 — 1.
e o is infinite:
—n(a) =¢&(a) <o
— (@), &(a) = o

Clearly if @ < 8 < k are ordinals and 0 < ¢ < & is a cardinal, then o, =441 B,
and B, Hat1 Q.

Lemma 5.26. Suppose k > 2¥ and T is a countable first-order theory in a countable
vocabulary (not necessarily complete) such that = has o < k equivalence classes.
Then for all a < &,

Sr =B Qp and ap —aq1 Z7 .

Even more, if T is not categorical then = 4+, «,. In particular o, —p Z7.

Proof. Let T' be a complete theory extending T', then =7/ — g =p. Thus X <,
~r and =7 has at most ¢ < k equivalence classes. By Fact 1.2 and Fact 1.14, T” is
classifiable and shallow, and =7 is k-Borel. Therefore for all the complete theories,
T’, that extend T, 27 is k-Borel. Let 7 be the vocabulary of T and {7}, }a<o2e be
the set of all the complete theories in 7 that extend T'. Since =7 = (|, 00 =1, =1
is a Borel equivalence relation. By Proposition 1.17, we conclude that =1 —p «,.

Since 7 has p equivalence classes, then there is a sequence ((; | i < o) such
that for all € k*, there is ¢ < p such that n = (; and for all 7,5 < o,

G =r (G < i=].
The function F : * — k", F(n) = ¢; where n(«) = 4, is a reduction of «, to .
Clearly F is {a + 1}-recursive. So ap “—q41 =7
Notice that o, is open. Let us suppose, towards contradiction, that 7" is not

categorical and =1 —. 0,. By Proposition 1.18, 2 is open. From Fact 1.19 and
Fact 5.19, T is categorical, a contradiction. Il

From Hart-Hrushovski-Laskowski [Theorem 6.1 [14]] we know that there are
classifiable shallow theories that are not k-categorical. Thus ¢ = I(k,T) could
have values different from 0 and 1, below x, when R, = k = AT = 2* is such that

Zo ([ ]) < 5.
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Notice that the only property of = that we used in the proof, was that it has
0 < k equivalence classes. Thus for all equivalence relation E with o < k equivalence
classes and o < K, @y —Fay1 F. So forall o1 < g2 <K, @y, —Fat1 Qp,-

We can improve the general gap Shallow and Non-shallow of Theorem 5.5.

Theorem 5.27 (General gap Shallow and Non-shallow). Suppose R, = k = AT =
2X s such that Dy, (| p |) < Kk, and 2° < X = 1. Let Ty and Ty be countable
complete classifiable shallow theories with 1 < I(k,To) < I(k,Th) = 0, T» be a
countable complete classifiable theory non-shallow, and T3 be a countable complete
non-classifiable theory. Then for all a < K,

Z71, 9B Gy “Fatl E1 B Uk “Fatl S, e Sy
In particular

ng, ‘7L>B ng (7L>r A %r ng 7L>c Oy ‘7L>r gTo .

We can study the gap between a classifiable shallow and a classifiable non-
shallow. Let us study Question 1.9 (Mangraviti-Motto Ros question [Question
6.9 [32])).

By Proposition 1.17 and Fact 1.18, we know that if E; is a k-Borel equivalent
relation with at most x equivalence classes, then for all E

Ey —p F1 < Ey —, E| and Ey is k-Borel.

For all o < 8 cardinals, we denote by Card(c, ) the set of cardinals in the interval
(o, B) ordered by cardinality. We define Card|w, 8], Card|a, 8), and Card(«, 0]
in a similar way. Thus, we can understand the Borel reducibility between k-Borel
equivalence relation with at most k equivalence classes as Card[1, k].

Under the assumptions CS, if 71 and T» are such that I(k,T1) < I(k,T3) < &,
then by Fact 1.2 and Fact 1.14 =7, and =7, are x-Borel. From the previous
obesrvation, there are exactly Card(I(x,T1),I(k,T2)) equivalence relations strictly
in between 27, and 2, (with the Borel reducibility). On the other hand, if we
use Lipschitz reduction, then there is a copy of Card(I(k,Ty),I(k,T2)] in between
ng and gTT

Notice that if 77 a classifiable shallow theory and T is a classifiable non-shallow,
then the gap between =y, and =g, contains a copy of Card(I(k,T1),k]. So, from
Fact 1.3, there at least x many equivalence relations in between =7, and =r,, in
the Borel reducibility hierarchy.

An understanding of the gap between the counting a-classes equivalence rela-
tions, will give us a more detail picture of the gap between the isomorphism relations
of classifiable shallow theories and classifiable non-shallow theories. By Theorem
5.27 we know that some of those gaps are not empty by Borel reduction and not
continuous reductions, e.g. for some p; < g2, there is an equivalence relation F
such that

0.1_)1 —L FE “—B 092

and
092 (7L>T E c7L>C 091'

Understanding the gap between «, and the isomorphism relation of classifiable
non-shallow theories, would give us more information about the gap in Mangraviti-
Motto Ros question.

5.4. On Morley’s Conjecture. Morely’s conjecture tell us that the spectrum
function is increasing. As it was discussed before, Morley’s conjecture implies that

for all w < pu < k and theory T, 2.« = holds when 2. is k-Borel. This can be
extended to all theories and improved to continuous reductions.
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Proposition 5.28. Let w < pp < & < & be cardinals. For all first-order countably
theory in a relational countable language T, not necessarily complete,

ot ~0
b e 20

In particular

oM ]
>, 2

Proof. Let w < pu < § < Kk be cardinals and T be a first-order countably complete
theory in a relational countable language. Let p be the number of equivalence
classes of .. By Fact 1.3, there are sequences (§; | ¢ < ) and ((; | i < o) such
that for all i # 7, & ¥4 fj, G %"% (j, and for all n € k" there is i < g such that
& 225 n. Let us define F' : k% — k" by F(n) = (; where i < p is such that & 4. 7.
It is clear that F' is a reduction from . to = N5
Let us show that F is continuous. Let C n € k* and S < k be such that
F(n) € [( 1 B]. Notice that for all £ € [ | u], Ayjp = Aepp. By the way F was
defined, for all £ € [n [ p], F(n) = F(§). Thus, for all £ € [n [ ], F(§) € [ ] 5] and
we conclude that F' is continuous. in particular, F' is pu-recursive.
O

Notice that the only property of =% that we used was that it has at least o
different equivalence classes and the size of the model.

We actually proved that /. <, F, where =, had p equivalence classes and E
is an equivalence relation with at least ¢ equivalence classes. In particular, since
k<F = g, for any first-order countably complete theory in a relational countable
language T and pu < Kk, &8 <. E, for:

e E=uqy, ¢ >pforall a< k.
e =7, where T" is not a classifiable shallow theory.
® idy, the identity relation of 2.

Notice that for all & < &, a, and 2. are continuously bireducible, o, <. =,
and 22, is open. Therefore, 1f T and T’ are theories such that 22, and 2, have the
same number of equivalence classes, then 22, and =/, are continuous bireducible. In
particular, if u < k, T is a clasmﬁable non-shallow theory and 7" is non-classifiable
theory, then by Fact 1.2, 2% and 2, are continuous bireducible.

The S-recursive functions can be used to study the isomorphism relation of
models of small size. It is easy to see that when = has p equivalence classes,
=S, s o S =7, and since p s a cardinal, for all o < p, ap <, =

Suppose there are cardinals w < u < p’ < k such that 2# = o = o. Let T be
a not a classifiable shallow theory. By Fact 1.2, there are ¢ non isomorphic models
of size p and of size . It is clear that =% and %Qﬂl are continuous bireducible. By
the way the relations . were defined, it is easy to see that

~l N;/

~ M
=1 Thu Mo Tt =

and = Frusr pe Fru =
Indeed, suppose that T" is a theory such that its language, L(T"), contains at least
one relational symbol, 2R, of arity 0 < n. If T has o models of size p, then =4 <, 1,
and for all o < p, 2 Soi1 .

On the other hand, we can find the isomorphism relation of classifiable non-
shallow theories in between =7 and =, due to Fact 1.2 and Theorem 5.5.

Corollary 5.29. Suppose k = A\t =2 and 2° < X\ = A\<“1. If Ty is a classifiable
non-shallow theory and Ts is a non-classifiable theory, then

A
2T2 %C _T1 %C _TQ .
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In the generalize Baire space k" we can say a lot about the isomorphism relation
of different theories when the models have size k, Zp. But very few about the
isomorphism relations when the models have size u less than x, 2. Nevertheless,
the isomorphism relation of models of size less than x can be used to describe the
gap in more detail, under the assumptions of Fact 1.16.

Proposition 5.30. Let = N, be such that 3, (| v |) < Kk and Kk = A\t =
2N, Suppose Ty is classifiable shallow, Ty classifiable non-shallow, and Ty non-
classifiable. Then
~p o 00— 25 e 2,
and
R T
Proof. Tt follows from Fact 1.2, Theorem 5.27, and Proposition 5.28. (]

Let us study the reducibility between the identity and the isomorphism relations.
This was studied by Friedman, Hyttinen, and Weinstein for s inaccessible.

Fact 5.31 (Friedman-Hyttinen-Kulikov, [9] Theorem 36). Assume that k is strongly
inaccessible and T is a countable theory. If the number of equivalence classes of =
is greater than k, then
idz e = .
Corollary 5.32. Assume that k is strongly inaccessible, T is a countable theory,
and p < Kk be a cardinal. If the number of equivalence classes of = is greater than
K, then
& e idy e

To study the case of k successor, we need to introduce the equivalence relation

Eg", the equivalence modulo bounded. Let us define E5" as:

Eg"i={(n,§) € 2" x 2" [ o <k [VB > o (n(B) = £(B)])}-
Fact 5.33 (Friedman-Hyttinen-Kulikov, [9] Theorem 60). Suppose X C k a sta-
tionary set such that {x holds. Then Eg" <. :?X.

Corollary 5.34. Suppose k = AT = 2* and A\ = \*. If T is unstable, or superstable
with the OTOP, or stable unsuperstable, then

E0<'i —ec %/T .
If X\ also satisfies 2° < X\ = A\t then

E0<H e gT
holds for T superstable with the DOP.
Proof. Since \¥ < k = AT implies cf()\) > 7, by [48] we know that if x = A\t = 2*
and cf(A\) > v, then ¢, holds. The corollary follows from the previous fact and
Theorem 5.1. (]

Fact 5.35 (Friedman-Hyttinen-Kulikov, [9] Theorem 34). e E5" is k-Borel.
° EO<H Sp ids.
® idy —. EO<H.
Lemma 5.36. Let k = AT = 2% and 2° < A = AX<¥'. If T is a non-classifiable
theory, then
’idg e EO<H — Zp
and
=r #p Eg7 rpoids
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Proof. The only statement that doesn’t follows directly from the previous results
is 27 <5 Eg"*. This follows from Fact 1.14, Fact 1.18, and Fact 5.35 item 1. O

Corollary 5.37. suppose kK = A\t = 2 and 2 < X = X<¥1. If T is a non-
classifiable theory, then

2 e idy e EYF . p

and
> bp By spoidy e 2

Corollary 5.29, Proposition 5.30 and Corollary 5.37 prove Theorem C. The pre-
vious results can be extended to non-complete theories, by using the ideas in the
proof of Theorem B and Morley’s conjecture for not complete theories (see [47]
page 642).

We used the complexity of the relation ids to study the complexity of the rela-
tion =2. We didn’t study the relation id, (the identity relation of x*), since the
existence of a diamond sequence (f, € a® | « € X) for a stationary set X, implies
idx > R(x) td2. The reduction is given by the function

1 ifaeXandnla=f,
0 otherwise.

F(n) () =

Indeed the usual reductions defined by the use of a diamond sequence are -
recursive.
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