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Abstract

We prove under V = L that the inclusion modulo the non-stationary ideal
is a Yi-complete quasi-order in the generalized Borel-reducibility hierarchy
(k > w). This improvement to known results in L has many new consequences
concerning the E%—completeness of quasi-orders and equivalence relations such
as the embeddability of dense linear orders as well as the equivalence mod-
ulo various versions of the non-stationary ideal. This serves as a partial or
complete answer to several open problems stated in literature. Additionally
the theorem is applied to prove a dichotomy in L: If the isomorphism of a
countable first-order theory (not necessarily complete) is not Al then it is
Yi-complete.

We also study the case V # L and prove Xi-completeness results for
weakly ineffable and weakly compact k.
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1 Introduction

We work in the setting of generalized descriptive set theory [FHK], GDST for short.
The spaces k" = {f: Kk = £} and 2% = {f: kK — 2} are equipped with the bounded
topology where the basic open sets are of the form {n € k* | n D p}, p € k<. Borel
sets are generated by x-long unions and intersection of basic open sets. Notions of
Borel-reducibility between equivalence relations and quasi-orders as well as Wadge-
reducibility between sets are generalized accordingly. A set is 31 if it is the projection
of a Borel set, see next section for more detailed definitions.

In [FHK] a Lemma was introduced (a version of the Lemma and a detailed proof
can be found in [HK, Lemma 1.9 & Remark 1.10]) saying that if V' = L, then any
Y1 subset of k¥ can be Wadge-reduced to

CLUB = {n € 2% | n~*{1} contains a p-club}, u < r regular,

where “u-club” is short for unbounded set closed under increasing sequences of
length p. In [FHK] this was used to show that if V' = L, then ©] = Borel*. In
[HK] the Wadge-reducibility result was strengthened by the first two authors of
the present paper. It was shown (still in L) that every Yl-equivalence relation is
Borel-reducible to the following equivalence relation on k":

Ep={(n¢) € (k")? | {a < K | n(a) = £(a)} contains a p-club}. (1.1)

We say that Ef is Xi-complete.
This result was important, but we would have wanted to prove a stronger result,
namely that the same equivalence relation on 2° is ¥l-complete:

E?={(n,& € (2°)* | {a < k| n(e) = (@)} contains a p-club}. (1.2)

The reason for this was that we knew many more equivalence relations to which Eﬁ
can be Borel-reduced than equivalence relations to which E can be Borel-reduced.
The corollaries of (1.1) and (1.2) were explored in [FHK, HK, Mor]. In particular,
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the question “Is £ Borel-reducible to Eﬁ?” that was stated in [FHK15, Q. 15]
and re-stated in [KLLS, Q. 3.46] was open (and it is still open in the general case).
Of course if EZ is Yl-complete the answer to this question is positive and in the
present paper we show that this is the case in L (Theorem 4.2) by first proving
a corresponding result for quasi-orders (Theorem 3.1). Borel-reducibility between
quasi-orders is a natural generalization of reducibility between equivalence relations
(see Section 2 for precise definitions).

We then prove a range of new results which are all consequences of Theorem 3.1.
One of these is our main result: If V' = L, then the isomorphism relation of any
countable first-order theory (not necessarily complete) is either Al or Xi-complete.
A closely related classification problem in the generalized Baire space was studied in
[HKM], the so-called “Borel-reducibility counterpart of the Shelah’s main gap theo-
rem”. The other results of this paper are partial answers to [Mot, Q.’s 11.3 and 11.4]
(which are re-stated as [KLLS, Q’s 3.49 and 3.50]), [FHK15, Q. 15] and a complete
answer to [KLLS, Q. 3.47].

These questions ask about the (consistency of) reducibility between relations
of the form Eﬁ‘, A € {2,k}, u € reg(k), quasi-orders arising as subset relations
modulo certain ideals (like the p-non-stationary ideal), quasi-orders of embeddability
between linear orders as well as various isomorphism relations. In particular, [Mot,
Q. 11.4] asks whether the embeddability of dense linear orders Cpro is a ©1-complete
quasi-order for weakly compact k. From those results that are described above it
follows that Epro is X1-complete in L for all x that are not successors of an w-cofinal
cardinal (Theorem 4.4). Since Cpro is Borel-reducible to T, the embeddability of
graphs, this quasi-order is also ¥:}-complete in this scenario. In Section 5.1 we extend
this to weakly ineffable cardinals (without the assumption V' = L). Thus the only
case in which [Mot, Q. 11.4] is still open is the case when V # L and k is a weakly
compact cardinal which is not weakly ineffable. In Section 5.2 we prove that the
isomorphism of DLO, =pro, on k weakly compact is Xi-complete (here again, we
do not assume V' = L) and this implies the same for =, the isomorphism of graphs.
The existence of Y1-complete isomorphism relations has been previously known to
hold in L [HK18]. It is still unknown whether there exists a model of ZFC and
k > w on which no isomorphism relation on models of size k is X}-complete (a stark
contrast to the case kK = w where the isomorphism relation on any class of countable
structures is induced by a Polish group action and therefore not :}-complete [KL]).
Given the present situation such a counterexample will have to satisfy both V' # L
and x is not weakly compact.
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2 Preliminaries and Definitions

In this section we define the notions and concepts we work with. Throughout this
article we assume that s is an uncountable cardinal that satisfies k<" = k which
is a standard assumption in the GDST. In this paper, however, this assumption is
mostly redundant, because we work either with strongly inaccessible x or under the
assumption V = L. For sets X and Y denote by X the set of all functions from Y
to X. For ordinal o denote by X <% the set of all functions from any 8 < o to X. We
work with the generalized Baire and Cantor spaces associated with « these being k"
and 27 respectively, where 2 = {0,1}. The generalized Baire space k" is equipped
with the bounded topology. For every ¢ € k<", the set

ner™|¢Cn}

is a basic open set. The open sets are of the form | J X where X is a collection of
basic open sets. The collection of k-Borel subsets of k" is the smallest set which
contains the basic open sets and is closed under unions and intersections, both of
length k. A k-Borel set is any element of this collection. In this paper we do
not consider any other kind of Borel sets, so we always omit the prefix “x-”. The
subspace 2% C k" (the generalized Cantor space) is equipped with the subspace
topology. We will also work in the subspaces of the form Mod/} which are sets of
codes for models with domain & of a first-order countable theory T'. Special cases
include Modg¢, and Modp; o for graphs and dense linear orders respectively. These
are Borel subspaces of 2%. This enables us to view the quasi-order of embeddability
of models, say Cpro, as a quasi-order on 2%. In order to precisely define this, we
have to introduce some notions.

The following is a standard way to code structures with domain s by elements of
K" (see e.g. [FHK]). Suppose £ = {P, | n < w} is a countable relational vocabulary.

Definition 2.1. Fix a bijection 7: k<“ — k. For every n € 2% define the L-
structure A, with domain « as follows: For every relation P,, with arity n, every
tuple (aq,as,...,a,) in K™ satisfies

(al,...,an) epn“;ln ‘1:>7](7T(m7a17"'7a’n)): L.

Note that for every L-structure A with dom(A) = & there exists n € 2% with
A = A,. It is clear how this coding can be modified for a finite vocabulary. For
club many o < k we can also code the L-structures with domain a:
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Definition 2.2. Denote by C; the club {a < x| m[a<*] C a}. For every n € 2~
and every a € C define the structure A,;, with domain « as follows: For every
relation P, with arity n, every tuple (ay,as, ..., a,) in o™ satisfies

(ay,aq,...,a,) € P;fl‘"f‘* = (na)(r(m,a,a,...,a,)) =1.

Note that for every o € C; and every n € 2% the structures A, and A, [ o are
the same.

Let us denote by Mod: the subset of 2% consisting of those elements that code the
models of a first-order countable theory T' (not necessarily complete). Abbreviate
first-order countable theory as FOCT from now on. We will be interested in partic-
ular in 7' = @G, the theory of graphs (symmetric and irreflexive) and 7' = DLO, the
theory of dense linear orders without end-points. We consider Mod?. as a topological
space endowed with the subspace topology.

We can now define some central relations for this paper. A quasi-order is a
transitive and reflexive relation.

Definition 2.3 (Relations). We will use the following relations.
Isomorphism For a FOCT T, define

=8 == ={(n,§) € 2" x 2" | n,{ € Mody, A, = A¢ or n,& ¢ Mod7y }.
Embeddability For a FOCT T, define the quasi-order
Ch = Cr = {(n,&) € (Mod})? | A, is embeddable into A¢}

Thus, for example C¢ is the embeddability of graphs and Cppo is the embed-
dability of dense linear orders.

Bi-embeddability For a FOCT T and 7, £ € Mod7,, let
nxré = nErEANECr .

Inclusion mod NS For n,£ € 2% and a stationary S C x, we write n C° ¢ if
(n~{1}\¢"{1}) N S is non-stationary.

Equivalence mod NS For every stationary S C k and A € {2,x}, we define E3
as the relation

Ed=1{(n¢) e X x X |{a <r|n(a)#E@)} NS is not stationary}.
Note that nE%€ if and only if n £9 £ A E T 1.
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If S is the set of all p-cofinal ordinals, denote Eg\ = Eﬁ‘ and CS=CH. If S is the
set of all regular cardinals below &, denote S = reg(x) = reg in which case £ = E;\eg
and CS=C"8. If S = k, write £y = Eq and C5=CNS

A quasi-order @ on (a Borel set) X C " is i, if @ C X? is the projection of a
closed set in X? x k* (X is equipped with subspace topology and X? x x* with the
product topology). All quasi-orders of Definition 2.3 (note that equivalence relations
are quasi-orders) are Y}.

Suppose X,Y C k" are Borel. A function f: X — Y is Borel, if for every open
set A C Y the inverse image f~'[A] is a Borel subset of X with respect to the
induced Borel structure on X and Y.

If @; and @9 are quasi-orders respectively on X and Y, then we say that @,
is Borel-reducible to ()9, if there exists a Borel map f: X — Y such that for all
r1, T2 € X we have 11Q1x2 <= f(x1)Q2f(z2) and this is also denoted by @)1 <p
(Q)o. If f is continuous (inverse image of an open set is open), then we say that ¢,
is continuously reducible to Q3. Note that equivalence relations are quasi-orders, so
this gives naturally a notion of reducibility for them as well. We will interchangeably
use the notations xEy and (z,y) € F if F is a binary relation, because we consider
it as a set of pairs. Sometimes one notation is clearer than the other.

Note that if we define F': 2% — 2% by

Fn)(a) = {n(a) ifaesS

1 otherwise

for a fixed S C k, we obtain:
Fact 2.4. For all stationary S C S’ we have C% <p CS. O

A quasi-order is ¥.}-complete, if every X1 quasi-order is Borel-reducible to it. An
equivalence relation is ¥.1-complete if every 1 equivalence relation is Borel-reducible
to it.

A Borel equivalence relation E on a Borel subspace X C 2" can be extended
to 2 by declaring all other elements equivalent to each other, but not equivalent
to any of the elements in X. Similarly a quasi-order C on X C 2% can be trivially
extended to the whole space 2. If the original equivalence relation or quasi-order
was Yj-complete, then so are the extensions.
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3 Yi-completeness of C° in L

This section is devoted to proving Theorem 3.1. In Section 4 a range of corollaries
will be proved.

Theorem 3.1. (V = L,k > w) The quasi-order C* is Yl—complete, for every
reqular p < K.

As mentioned in Introduction, this is an improvement to a theorem in [HK] which
says that E7; is ¥j-complete.

Definition 3.2. We will need a version of the diamond principle. Denote by ON
the class of all ordinals.

e Let us define a class function F,: ON — L. For all a, Fo () is a pair (X,, Cy)
where X, C, C a, if a is a limit ordinal, then C,, is either a club or the empty
set, and C, = @ when « is not a limit ordinal. We let Fo(a) = (X,,C,) be
the <y-least pair such that for all 5 € C,, X3 # X, N B if « is a limit ordinal
and such pair exists and otherwise we let Fo(a) = (@, @).

e We let Cy C ON be the class of all limit ordinals o such that for all § < «,
Fo | B € L,. Notice that for every regular cardinal a, C'c, N v is a club.

Definition 3.3. For a given regular cardinal a and a subset A C «, we define
the sequence (X, C,) ea to be (Fo(7y))yea, and the sequence (X, ) ca to be the
sequence of sets X, such that F(v) = (X, C,) for some C,,.

By 5} we denote the set of all y-cofinal ordinals below a.

Remark. It is known that if a and p are regular cardinals such that ;1 < «, then
the sequence (X, ),esq is a diamond sequence (i.e. for all Y C a, the set {y € S |
Y Ny = X,} is stationary). Notice that if 5 € Cs, then for all v < 3, X, € Lg.

By ZF~ we mean ZFC+(V = L) without the power set axiom. By ZF° we mean
ZF~ with the following axiom:

“Let (S5, Dy) = Fo(y) for all ¥ < a and p < a a regular cardinal. Then
(Sy)resg is a diamond sequence.”

Whether or not ZF~ proves ZF° is irrelevant for the present argument. We denote
by Sk(Y)%¢ the Skolem closure of Y in Ly under the definable Skolem functions.



Quasi-orders on K" 8

Lemma 3.4. (V = L) For any %i-formula ¢(n,x) with parameter x € 2" and a
reqular cardinal | < K, then for all n € 2% we have:

(i) If p(n,x) holds, then A contains a club,
(i) If @(n,z) does not hold, then S\ A is p-stationary,
where S = {a € S | Xo =n {1} Na} and
A={aeConk|3IB>a(lsEZF Ne(n | o,z | @) Ar(a))}
where r(«) is the formula “a is a reqular cardinal”.

Remark. This Lemma is reminiscent of [HK, Remark 1.10], but there is a big
difference, because now S depends on 7 through the diamond-sequence which makes
this Lemma stronger. The proof in [HK] is not applicable here.

Proof. Let u < K be a regular cardinal. Suppose that n € 2% is such that ¢(n,x)
holds. Let 8 > k be a cardinal large enough such that

Lo E ZF° ANp(n, z) A (k).

For each a < k, let
H(ar) = Sk(a U {x,7,x})"

and H(a) the Mostowski collapse of H(a). Let
D={a<k|H(a)Nk=a}.

Then D is a club set and D N Cy is a club. Since H(a) is an elementary submodel
of Ly and the Mostowski collapse H(a) is equal to L for some > «, we have
DN Cy C A. This proves i.

Suppose 1 € 2% is such that ¢(n,z) does not hold. Let u < k be a regular
cardinal. Let C' be an arbitrary unbounded set which is closed under p-limits (a
p-club). We will show that C' N (S\ A) is non-empty which by the arbitrariness of
C' implies that S\ A is p-stationary, as desired.

Let 0 > k be a large enough cardinal such that

Ly = ZF° A—p(n, z) Ar(k).

Let
H(a) = Sk(aU{x,C,n,z, (X'ya C’y)'yES;j})LG
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Let
D={a€es§;|H(a)Nk=a}

Then D is an unbounded set, closed under p-limits. Notice that since H(«) is an
elementary substructure of Ly, then H(«) calculates all cofinalities correctly below
a. Let S ={a € 5| Xo =7 {1} Na} and ag be the least ordinal in (lim, D) N S
(where lim,, D is the set of ordinals of D that are p-cofinal limits of elements of D).
By the elementarity of each H(a)) we conclude that ag € C. It remains to show that
ap ¢ A to complete the proof.

Let 8 be such that Lz is equal to the Mostowski collapse of H(ag). Suppose,
towards a contradiction, that ag € A. Thus ag € Cos Nk and there exists § > aq
such that

Lg = ZF° Np(n | co, @ | ag) A ().

Since (1, z) is a X-formula which holds in L and not in Lg, 8 must be greater
than . It must be a limit ordinal because Lg = ZF ™.

Claim 3.4.1. Lg satisfies the following:
(i) For all v € SN g, v has cofinality p.
(ii) SNag is a stationary subset of o).

(i) DNag is a p-club subset of ag.

Proof. (i) H(wy) calculates all cofinalities correctly below ag. Thus Lz calculates
all cofinalities correctly below ag. Since 3 is greater than 3, Lg also calculates
all cofinalities correctly below ag. Since S N ay C Sl’j in L, we have that
SN (7)) Q S;j holds in Lﬁ.

(i) Since ap € Co Nk and Ly satisfies ZF® and r(ay), Lg satisfies that S N« is
a stationary subset of «q.

(iii) Being unbounded in «y is absolute between L and Lg and since o € lim, D,

D N ay is unbounded in ag, so it remains to show that D N ay is closed under
p-limits in Lg.
Let o« < o be such that Lz = cf(a) = p A U(D Na) = a, we will show
that Lg = a € D Nay. Since Ly calculates all cofinalities correctly below
ag, L Ecf(a) =pAN UDNa)=a. Disap-clubin L, thus L = a € D.
Since o < ag, L = o € D N ay. We will finish the proof by showing that
LE=aeDNayimplies Lg =a € DN ay.
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Notice that H(«y) is a definable subset of Ly and D is a definable subset of Lj.
By elementarity, DNay is a definable subset of H («y), we conclude that DNay
is a definable subset of Lz and D N agy € Lg. Therefore Lg = a € D N ay.

O

Since Lg = r(ap), by the previous claim we concluded that Lg satisfies “lim, DN
ap is a p-club”. Since S My is a stationary subset of oy in Lg, we conclude that

Lﬁ ): (limuDﬂao) ﬂSﬂOzO 7’é @,

SO
L = (lim, D Napg) N SNy # 2.

This contradicts the minimality of «. O
Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Suppose @ is a ¥} quasi-order on x*. Let a: k™ — 25%F be
the map defined by

a(n)(a, B) =1 & n(a) = 6.
Let b be a continuous bijection from 2" to 2" and ¢ = bo a. Define ' C 2" x 2~
by
(n,€) € Q" & (=€) V (n,€ € ran(c) A (¢ (n),c7'(€)) € Q)

So ¢ is a continuous reduction of Q to Q’, and @’ is a ¥} quasi-order because it is a
continuous image of (). On the other hand @)’ is a quasi-order on 2" and not on k"
like the original () was. Hence, we can assume, without loss of generality, that () is
a quasi-order on 2~.

There is a ¥;-formula of set theory ¢(n, &) = (n, &, x) = Fkp(k,n,§,x) Vi =¢
with € 2%, such that for all n,& € 2%,

(1,8) € Q & ¥(n,§),

we added n = & to ¥(n, ), to ensure that when we reflect ¥)(n | o, & | o) we get a
reflexive relation. Let 7(a) be the formula “a is a regular cardinal” and (k) be
the sentence with parameter £ that asserts that ¢(n, ) defines a quasi-order on 2.
For all n € 2% and a < &, let

Tho={p €238 >a(Ls | ZF° A(p,n [ o,z | @) Ar(a) Ap(a))}.
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Let (Xa)aesﬁ be the diamond sequence of Definition 3.3, and for all a € ST}, let x,
be the characteristic function of X,. Define F: 2% — 2% by

1 if xo €T, and a € S}

Fln)e) = {0 otherwise

Claim. Ifn Q &, then T, o C T¢ o for club-many o’s.

Proof. Suppose ¥(n,&,x) = Jkp(k,n, &, x) holds and let k witness that. Let 6 be
a cardinal large enough such that Ly = ZF° Ap(k,n,&,2) Ar(k). For all a < k let
H(a) = Sk(a U {k,k,n, & x})*. Theset D ={a < k| Hla)NKk =aAH(a) E
¥?(a)} is a club. Using the Mostowski collapse we have that

D'={a<k|38>a(lsEZF Ap(k [ a,n | a, & a,x | a) Ar(e) Ap@(a))}
contains a club. For all & € D" and p € T, , we have that

361 > alLs, | ZF° Ap(pn | e,z | a) Ar(a) A @ (a))
and
36 > L, b= ZF° A0 T 0 T | a) Ar(a) A 9(a).
Therefore, for f = max{/, f2} we have that
Ly = ZF° Ap(p,n T,z | a) A(n T, € T ey | a) Ar(e) Ag@(a).

Since ¥?(a) holds and so transitivity holds for ¥(n,£) in Lg, we conclude that

Lg = ZF° A (p, £ T o, | ) Ar(a) A ()
sop € T o and T, o € Tt o. This holds for all a € D'. O

By the previous claim, we conclude that if n @ &, then there is a p-club C
such that for every o € C it holds that xo, € 1,0 = Xa € Tto. Therefore
(Fn) {INF(€) {1} N C = &, and F(n) T F(E).

For the other direction, suppose —t(n, &, r) holds. Let S = {a € S | X, =
n {1} Na}. Since (X,),esy is a diamond sequence, S is a stationary set. By
Lemma 3.4 we know that S\ A is stationary, where

A={aeConk|3IB>alls EZF° NY(n | o, & [ a,x | ) Ar(a))}.
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Since for all @ € S\A we have that X, = n~'{1} Na, so xo € T),o. We conclude
that for all & € S\ A, F(n)(a) = 1. On the other hand, for all & € S\ A it holds that

VB > a(Lg EZE Np(n [ o€ Tz [ a) Ar(a))

SO
VB > a(Ls I ZF° Ab(xar€ [ ar [ a) Ar(a).
Therefore
VB > a(Lg = ZF° AN (X € T,z [ a) Ar(a) A V9 (a))

we conclude that xo & T, and F(€)(a) = 0. Hence, for all « € S\A, F(n)(a) =1
and F(&)(a) = 0. Since S\ A is stationary, we conclude that F(n) ' {1}\F (&)~ {1}
is stationary and F(n) Z* F(&). O

4 Corollaries to Theorem 3.1

4.1 Xj-completeness of £’ in L
Theorem 4.1 (V = L, k > w). TS is a Xl-complete quasi-order.
Proof. Follows from Fact 2.4 and Theorem 3.1. n

Theorem 4.2 (V = L). Let p be a reqular cardinal below k, then Eﬁ is a Y1-complete
equivalence relation.

Proof. This follows from Theorem 3.1, because Eﬁ is a symmetrization of the quasi-
order CH. O

The above result cannot be proved in ZFC. It was shown in [FHK, Thm 56] that
if kK is not a successor of a singular cardinal, then in a cofinality preserving forcing
extension Ezl and Eig are <p-incomparable for regular cardinals py < ps < k.

Theorem 4.1 gives consistently a positive answer to “Given a weakly compact
cardinal , is CN5 complete?” [Mot, Q. 11.4]. Theorem 4.2 answers the questions
“Is it consistently true that £ <p E} for A < u?” [FHK],[KLLS, Q. 3.47] (take
A=w, p=w and K = wy), and gives consistently a positive answer to “Is £}
Borel-reducible to E? for a regular u?” [FHK15, Q. 15], [KLLS, Q. 3.46].
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4.2 Yi-completeness of Cpro and Cg in L

[Mot, Q. 11.3] asks “Given a weakly compact cardinal , is Cpro complete for ¥}
quasi-orders? What about arbitrary regular cardinals k7?7 In this section we apply
Theorem 3.1 to show that the answer is positive if V' = L. To do that we first have
to establish a general theorem about Cpyo:

Theorem 4.3. Suppose that for all A\ < k we have ¥ < k. Then there is a
continuous reduction of £ to Cpro.

Proof. Fix an w-club G C S% \ (w + 1) with the property that for all @ < x and
all 8 < k there exists v < k with 8 < v < &k such that [y,7 4+ a| NG = &, where
v, v+al ={0 <k |v<d< v+ a}, thus G is in a sense “sparse”. Such a G
can be obtained by constructing a sequence (7, )a<x as follows. Let v = w + 1, for
successor 3 = a+1 let y3 = 7, + 7, and for limit § let 5 = sup{~, | @ < §}. Then
let G ={v,|a<r}nSE Forasubset A C k, denote

Ag = ((ANG)U(r\ G)) \ {w}

On the one hand Ag is equivalent to A up to the w-non-stationary ideal. On the
other hand Ag contains arbitrarily long intervals. Note also that Ag contains all
ordinals of uncountable cofinality, 5%, C Ag.

For ordinals «, 8, we say that a function f: o — [ is continuous if it is continuous
with respect to the order topology, that is, for all increasing sequences (ys)s<a C «,
A < a, we have

sup{f(7s) | 0 < A} = f(sup{vs | 6 < A}).

Claim 4.3.1. Suppose A and B are subsets of k. Then A\ B is w-non-stationary
if and only if there exists a strictly increasing continuous f: Kk — Kk such that

flA¢] € B

Proof. From the definition of Ag and Bg we see that Ag \ Bg = (A\ B)NG N SE.
Since G is an w-club, we have that Ag\ Bg is w-stationary if and only if A\ B is. For
any f: s — k which is increasing and continuous the set Cy = {a < k| f(a) = a}
is club. Thus, if A\ B is w-stationary, then (A N Cy) \ Be = (A¢ \ Bg) N Cy is
also w-stationary and therefore non-empty. This proves the direction “from right to
left” of the claim.

Assume now that A\ B is not w-stationary and let C; C Sf be an w-club such
that ANC; C B. Let C' = C; NG. Note that now not only A NC C B, but also
AgNC C Bg. We will define f: k — k by inductively building a sequence of strictly
increasing continuous functions f, € k<" such that
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(i) if o < B, then f, C fs,

(ii) the domain of f, is a successor ordinal € + 1 for some ¢ € C'US% ,
is the set of ordinals below x with uncountable cofinality.

(iii) if o < B, then ran(f,) C dom(fs),
(iv) if fo(0) =9, then 6 € C'U S,
(v) if fo(0) # 5, then f,(0) € Bg.

Before constructing this sequence let us show that f = J,., fo will be the desired
function. It is strictly increasing and continuous, because f, are. To show that
flAg] C Bg, suppose that v € f[Ag]. Now v = f(§) for some § € Ay and clearly
v = fa(9) for sufficiently large a. By (5), if v = fo(0) # J, we have v € Bg and we
are done. So we may assume that v = f,(§) = d. Since d € Ag we now also have
v € Ag. By (4) we have y € C U SE . If v € C, then since C' N Ag C Bg, we have
7 € Bg so we are done. If v € ST, then by the definition of G it must be the case
that v € K\ G. But K\ G C Bg, so again v € Bg.

Thus, it remains to construct the sequence (fa)a<x satisfying (1)—(5). Let fy =
@. If f, is defined, then define f,y; as follows. Let ¢, = maxdom f,. By (2)
o 1s well defined and we have dom f, = [0,¢,] and ¢, € C'U S%. Let €441 be
some ordinal such that e,11 > fo(ca) and €441 € C. Then find vy > €441 such
that [y0, Y0 + €a+1] C Bg which is possible by the definition of G and the fact that
k\ G C Bg. Now define for all § < g441

funa(9) = {f“(‘” I,

K
where S%

Y + & otherwise,

Clearly (1) and (2) are satisfied for f,.1. Since vy > 0, we have f,1(5) > § for all
d € [ea + 1,041, s0 if f, satisfies (4), then so does f,41. Because of the choice of
Y0, (5) is satisfied. Also (3) is satisfied by the choice of £,41.

If 3 is a limit and f,, is defined for o < f3, then let €5 = sup, 5 4. From (3) and
that f, are increasing it follows that

eg = supran f, = supdom f,.
a<f a<f

The domain of fzis eg + 1 and it is defined by:

) otherwise,

fa(6) if 0 < eg, for some a such that 0 < g, < €5
f5(0) =
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Clause (3) ensures that this is well-defined. Clauses (1) and (3) are clearly satisfied
for fs. If 5 has cofinality w, then (2) is satisfied, because ep is the limit of elements
of C'and C' is w-club. Otherwise, if cf(eg) > w, then (2) is trivially satisfied. The
only new element in dom fsz that is not in dom f,, for any o < /3 is €3 and since
g € CUSE,, (4) and (5) are satisfied by induction. O

For every p,q € kS¥ define p < ¢ if either p D ¢ or there exists n < w such that
p(n) # q(n) and for the smallest such n we have p(n) < g(n). This defines a linear
order on the set C(k5*) of all strictly increasing functions p € K¢,

Now for A C k define the linear order L(A) to be the set
{p € C(k¥) | domp = w and supranp € A and p(0) =0}

equipped with the order <. Note that because elements of L(A) have domain w,
the condition p D ¢ in the definition of p < ¢ is never relevant for them. This is a
modification of a construction given by Baumgartner [Bau]. Clearly A C B implies
L(A) C L(B). We will show that A — L(Ag) is a reduction of C¥ to Cpro. By the
definition of Ag, the limit ordinals of Ag (which are the only ones that matter in the
definition of L(Ag)) are all greater w which ensures that there is no smallest element
in L(Ag). Also clearly L(Aq) does not have a greatest element, because Ag N Sf
is unbounded and it is dense by the following argument. If p < ¢ for elements of
L(Ag), then (because domp = dom ¢ = w) there is n < w with p(n) < ¢(n). Let
p':w — K be defined by p/(k) = p(k) for k < n and p'(k) = p(k) + 1 otherwise.
Then p < p' < q.

If f: k — K is continuous and strictly increasing with f(0) = 0 and A C k any
set, the definition of L(A) implies that

{Fop|pe L(A)} € L(fIA]D.

Thus, if f: k — k is continuous and strictly increasing such that f[Ag] C Bg,
then p — f op defines an embedding from L(A¢) into L(Bg). By Claim 4.3.1 such
f exists, if A C¥ B (we do not lose generality by assuming f(0) = 0).

The other direction is essentially a simplification of the proof of Baumgartner
Theorem 5.3(ii) [Bau]. If A Z* B, then, as noted above, also Ag Z¥ Bg and so
Ag\ B is w-stationary. So it is sufficient to show that for any unbounded A, B C S%,
if A\ B is w-stationary, then L(A) cannot be embedded into L(B).

So suppose that A\ B is stationary and assume towards a contradiction that
h: L(A) — L(B) preserves the ordering <. For any X C C(ks¥), let T(X) = {p €
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C(ks¥) | 3¢ € X(p C ¢)}. Note that for every strictly increasing p € k<% with
(0) =0, we have p € T(L(A)) and p € T(L(B)). For g € T(L(B)), let

Right(g) = {f € L(A) | h(f) = g or g < h([)},

Left(g) = {f € L(A) [ h(f) < g}

!

Let
p(g) = {f" € T(Right(g)) | for all ¢ € T(Right(g)), if " < f', then f' C ¢'},

Mg) = {f" € T(Left(g)) | for all ¢ € T'(Left(g)), if f' < ¢, then ¢’ C f'}.

Note that p(g) and A(g) are linearly ordered by C. Intuitively p(g) is a set of
“minimal” elements of T'(Right(g)) and A(g) is the set of “maximal” elements of
T'(Left(g)). Now let C' C S¥ be the set of all « satisfying

(i) for all f € L(A), supran(f) < a <= supran(h(f)) < a,
(i) AN a is unbounded in «,

(iii) if g € T(L(B)) and supran(g) < «, then sup{supran(f) | f € p(g9)} < a and
sup{supran(f) [ f € A(g)} <,

(iv) if g € T(L
f € Left(g

sup ran(f)
L

(B)), f € T(Left(g)), supran(g),supran(f) < «, and there exists
) such that f < f and f ¢ f, then there exists such an f with
<«

(v) if g € T(L(B)), f € T(Right(g)), supran(g),supran(f) < a, and there exists
f € Right(g) such that f=<fand f 7 f, then there exists such an f with
supran(f) < a,

Our cardinality assumption on x guarantees that C' is a club. We will show that
C' N A C B which is a contradiction. Let « € C'N A and let f € L(A) be such
that supran(f) = a. We will show that supran(h(f)) = « and so h(f) € L(B)
and a € B. Suppose not. If supran(h(f)) < «, then by (i), supran(f) < «
which is a contradiction. So we can assume that supran(h(f)) > a. Because we
assumed that p(0) = 0 for all functions in question, there is ng < w such that

h(f)(no) < a < h(f)(ng+1). Let

g="h(f) I (no+1). (*)
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In particular
supran(g) < a. (xx)

For every m < w, pick a,, € A such that f(m) < «,, < a. Such «a,, exists by
(ii). Now for each m fix f,, with supran(f,,) = a,, and f,, D f [ (m+1). We
have two cases: either (A) sup{m < w | f,, € Left(g )} = w or (B) sup{m < w |
fm € Right(g)} = w. We will show that both (A) and (B) lead to a contradiction
with (ii).

Claim 4.3.2. (A) If there are infinitely many m < w with f,, € Left(g), then for
allm < w we have f | (m+ 1) € A(g) which contradicts (iii).

Proof. For every m, there is m’ > m such that f,, € Left(g) and since f [ (m +
1) Cf (m+1)C fu, we have that f [ (m + 1) € T(Left(g)). Suppose that
f I (m+1) ¢ Xg) for some m. Then by the definition of A(g), there exists
f € T(Left(g)) such that f | (m+1) < f,but f ¢ f | (m+1). We can w.lo.g.
assume that f € Left(g) and further, by (iv), that supran(f) < a.

Since f | (m+1) < fand f ¢ f | (m+1), there is n < m such that
f(n) > f(n) and n is smallest such that f(n) # f(n). This n witnesses that
f < f. So we have h(f) < h(f). The latter implies that for the first n’ < w
with h(f)(n') # h(f)(n') we have h(f)(n') > h(f)(n)). If 0/ > ng (ng is defined at
(%)) then supran(h(f)) > h(f)(n') > h(f)(n') > a, a contradiction with (i). So
n' < ng and h(f)(n') > h(f)(n') = g(n'), so we have g < h(f). But this implies
that f € Right(g) which is a contradiction again. This proves the claim. O

Claim 4.3.3. (B) If there are infinitely many m < w with f,, € Right(g), then for
all m < w we have f | (m+ 1) € p(g) which contradicts (iii).

Proof. For every m, there is m’ > m such that fm/ € Right(g) and since f |
(m+1)C f] (m'+1)C fu, we have that f | (m + 1) € T(Right(g)). Suppose
that f [ (m+ 1) ¢ p(g) for some m. Then by the definition of p(g), there exists
f € T(Right(g)) such that f < f | (m+1), but f | (m+1) ¢ f. We can again
assume that f € Right(g) and, by (v), that sup ran f < a. There exists n < m with
f(n) < f(n) and n is the smallest such that f(n) # f(n).

The number n witnesses that f < f and so we must have h(f) < h(f). The
latter implies that for the first n’ < w with k(f)(n’) # h(f)(n') we have h(f)(n') <
h(f)(n). If 0’ > ng, then g C h(f) and hence h(f) < g which is a contradiction
with f € Right(g).

So n’ < ng and h(f)(n') < h(f)(n') = g(n'), and again h(f) < g, contradiction.
This proves the claim. ]
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This completes the proof of Theorem 4.3. O

Theorem 4.4 (V = L). If K > w is a reqular cardinal which is not the successor of
an w-cofinal cardinal, then Cpro is L1-complete.

Proof. By Theorem 3.1 it is sufficient to reduce C* to Cpro. But since V = L
every cardinal K > w which is not the successor of an w-cofinal cardinal satisfies the
assumption of Theorem 4.3. ]

Corollary 4.5. If kK > w is a reqular cardinal which is not the successor of an
w-cofinal cardinal, then the embeddability of graphs Cg is Xi-complete.

Proof. 1t is a well known folklore that both embeddability and isomorphism of any
model class can be coded into graphs (e.g. the authors of [FS] assume this without
proof in the countable case). We will sketch a proof for the sake of completeness in
the case of linear orders (Theorem 4.6). O

Theorem 4.6. For every k > w there is a continuous function F: Modfo —
Mod¢, which preserves both embeddability and isomorphism.

Proof. Given a linear order (L, <) we will construct a graph F (L, <) = (G, R)
where R = R(L,<y) is a binary symmetric irreflexive relation on G = G (L, <p).
This construction will be such that it preserves both the embeddability and the
isomorphism relations. Moreover it will be easy to see that if I is translated through
coding into a function from Modp); o to Modg: it becomes continuous.

The domain of the graph G = G (L, <1 consists of a copy of the domain of L plus
two vertices for every pair a,b € L such that a <z, b. Formally G = LU(< x{0,1}).
The relation R = R(L,<y) is defined so that for every a < b the connections
between a, b, ((a,b),0) and ((a,b),1) are as shown in (4.1):

(a.6).0) ——((a.b). 1)
N

Now any embedding g: L1 — Lo induces an embedding
9: G (L1, <p,) = G (L2, <p,)

(4.1)

by
g(a) ifa € Ly,
f](a) = ((9(01)79(62))70) if a = ((61’62)70) € <n X{O}v
((g(c1), 9(c2)), 1) if a = ((e1,¢2),1) € <, x{1}.
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This g is an isomorphism if and only if g is. On the other hand any embedding g from
G (L1, <r,) to G (Lo, <r,) maps elements of L; to elements of Ly, because elements
of Ly are precisely the elements of G (L, <pr,) with an infinite R (L, <r,)-degree,
k€ {1,2}. It is left to the reader to verify that the way the graph is defined ensures
that g [ L; is an embedding from (L1, <g,) to (L, <z,). Again this embedding is
an isomorphism if and only if ¢ is. O]

4.3 Dichotomy for countable first-order theories in L

In [HKM] it was proved that if V' = L, k is a successor of an uncountable regular
cardinal A, then =y, <, =7, and =g, € =7, holds for all T; classifiable and T;
non-classifiable. This result can be improved using Theorem 4.2 together with some
results from [FHK]:

Theorem 4.7. ([FHK, Thm 86]) Suppose that for all v < k, v < k and T is a
stable unsuperstable complete countable theory. Then E? <. . [

Corollary 4.8 (V = L). Suppose that k is reqular and not the successor of an
w-cofinal cardinal and T is a stable unsuperstable complete countable theory. Then
> s a Xi-complete relation.

Proof. Follows from Theorems 4.7 and 4.2 and GCH in L. O
Theorem 4.9. ([FHK, Thm 79]) Suppose that k = AT = 2* and \<* = \.

(i) If T is complete unstable or superstable with OTOP, then E} <. =p.

(i) If A > 2 and T is complete superstable with DOP, then Es <. 7. O

Corollary 4.10 (V = L). Suppose that k is the successor of a reqular uncountable
cardinal \. If T is a non-classifiable complete countable theory, then =1 is a X1-
complete relation.

Proof. Follows from Theorems 4.2, 4.7, and 4.9. O

By using yet another Theorem from [FHK] we obtain the following dichotomy
in L. The class of A sets consists of sets A such that both A and the complement
of A are ¥} [FHK].

Theorem 4.11 (V = L). Suppose that r is the successor of a reqular uncountable
cardinal X. If T is a countable first-order theory in a countable vocabulary, not
necessarily complete, then one of the following holds:
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oAl
[ ] gT‘ 1S Al.
o =7 is Mi-complete.

Proof. For this proof it is useful to bare in mind how the isomorphism relation of
a theory is defined, Definition 2.3. Sometimes in literature it is defined differently,
but these are mutually Borel-bi-reducible (there is a Borel reduction both ways).

It has been shown [FHK, Thm 70] that if a complete theory T is classifiable,
then =7 is A{. So for a complete countable theory T the result follows from Corol-
lary 4.10. Suppose T is not a complete theory. Let £ be the vocabulary of T" and
{T,}a<2w be the set of all the complete theories in £ that extend 7. Notice that
2= \pcow =1., therefore if =7, is a Al equivalence relation for all o < k, then so
is =g since 2¥ < K.

Suppose 1" is a complete countable theory in £ that extends T such that =
is not a Al equivalence relation. Then T” is a non-classifiable countable theory.
By Corollary 4.10 =7+ is a Y}-complete equivalence relation. We will show that
> <p =Zr which finishes the proof. Define F: k* — k" by

Fy) = {77 if A, =1"

¢ otherwise.

where £ is a fixed element of k* such that A¢ = T". Since 7" extends T', n = ( &
F(n) =Zr F(C). To show that F is Borel, note that

{ClAFET YU o] fEen]al

Since [ | o] is a basic open set and {¢ | A¢ [~ T} is a Borel set, [ [ o]\{C | A¢ F~
T’} and [n [ o] U{C | A¢ = T"} are Borel sets. O

FUly 1 o) = {[77 oMCIAETY  ifEgnlal

The dichotomy of Theorem 4.11 is not provable in ZFC. In [HSa, HSb] it was
shown, assuming « is a successor and x € I[k], that there is a stable unsuperstable
countable theory 7" in a countable vocabulary such that = is Borel” (a generaliza-
tion of Borel sets to non-well-founded trees [FHK, HaSh|). By Theorem 4.7 =r is
not Af, if E? is not. It was proved in [HK18] that there is a model of ZFC where
Borel* C %} (unlike in L, [HK]), in which E? is not A}, and in which x € I[x] for
successor k.
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5 The case V # L

5.1 Yl-completeness of C™ for weakly ineffable x

In Section 4 we answered the questions [KLLS, Q. 3.47], [Mot, Q.’s 11.3 and 11.4]
and [FHK15, Q. 15] under V. = L. We used Theorem 4.2 as the starting point.
But what if V' # L7 In this section we provide further partial answers to [Mot,
Q.’s 11.3 and 11.4] outside of L. Recall that these questions ask “Given a weakly
compact cardinal s, are CN% and Cppo complete for Y1 quasi-orders?” Recall that
C is the embeddability of graphs, Definition 2.3. We will use the following theorem:

Theorem 5.1. ([Mot, Cor 10.24]) If k is weakly compact, then both the quasi-order
of embeddability and the equivalence relation of bi-embeddability of graphs, Cq and
~q respectively, are ¥1-complete.

Definition 5.2 (Weakly compact diamond). Let x > w be a cardinal. The weakly
compact ideal is generated by the sets of the form {a < k| (V,,€,UNV,) E ¢}
where U C V, and ¢ is a IIj-sentence such that (V,,€,U) E ¢. A set A C & is
said to be weakly compact, if it does not belong to the weakly compact ideal. Note
that x is weakly compact if and only if there exists A C k which is weakly compact,
i.e. the weakly compact ideal is proper. For weakly compact S C k, the S-weakly
compact diamond, WC,(S), is the statement that there exists a sequence (Ag)a<x
such that for every A C S the set

{a<k|ANna=A,}
is weakly compact. We denote WC,, = WC, (k).

Weakly compact diamond was originally introduced in [Sun] and thoroughly
analyzed in [Hell]. In [AHKM] it was used to study the reducibility properties of

Efs- It has been sometimes called the dual diamond.

Fact 5.3. If x is weakly ineffable (same as almost ineffable), then WC,; holds. See
[Hell] for proofs and references.

The proof of Lemma 5.4 can be found in [AHKM] in complete detail.

Lemma 5.4. Let k be a weakly compact cardinal. The weakly compact diamond
WC,, implies the following principle WC.. There exists a sequence {fa)acreg(x) Such
that
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o fo:a—aq,
e for all g € K™ and stationary Z C k the set
{a ereg(k) | g | @ = fo NN Z is stationary}

18 stationary. 0

Let us introduce a version of WC, for graphs, denoted WCG,. Let G<,, = {Gs}p<x
be an enumeration of all graphs with domain some ordinal o < k. For all a < &, let

Gea = {gﬁ}ﬁm-
The principle WCF, states that there exists a sequence (f,)a<x such that

o fo € (Ga)®,
e if (S, g) is a pair such that S C & is stationary and g € (G,)", the set
{aereg(k) | g | a= fo ASNais stationary}
is stationary.
Fact 5.5. If WC7, holds, then WCF, holds.

Proof. Let (f,)a<x be a sequence that witnesses WC?. Define the sequence {fa)a<x

by fo(B) = G7.8)

To show that (f,)a<x Witnesses WCF, let g € (G.,)" be any function and S C &
a stationary set. There is a function g: x — & such that g(a) = Gja). Because of
WC; we know that the set

{a€reg(k) | g a= fo A ZNais stationary}
is stationary. From the definitions of (f,)a<x and g it follows that the set
{a€reg(k) | g | = fo ANZNais stationary}

is stationary. O

Definition 5.6. A closure point of a function s: kK — k is an ordinal a < k such
that for all 5 < o we have s(f) < a. The set of all closure points of s is a club.

Theorem 5.7. If k is weakly compact and WCy holds, then T8 as well as CN®
are ¥1-complete.
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Proof. The claim for CN® follows from Fact 2.4 once we prove the claim for C™8. By
Theorem 5.1 it is enough to show that Cq <p C™®. For all K, H € G-, we write
K C H if K is embeddable to H. Let us denote by @ the quasi-order ((G<,)", <g),
where f <g ¢ holds if there is a club C such that for all & € C, f(a) C g(«) holds.

Note that every G, equals some A,, p € k<%, where A, is as defined in Defini-
tion 2.2. Vice versa, if n € Modf, (i.e. is a code for a graph, that is, A, is a graph,
Definition 2.1), then for every o < & there is 8 < x such that A, = Gz. Let H be
the graph with domain 2 and no edges. Define F': Modg, — (G.,)" by

A ifaeC
F _ nla T
(n)(e) {H otherwise.

where C, is as in Definition 2.2.
Claim 5.7.1. n Cg € if and only if F(n) <q F(£).

Proof. Let us show that if n C¢ €, then F(n) <g F(£). Suppose n T &, then there
is an embedding f: k = x of A, to A¢. Let D be the set of all closure points of f
(Definition 5.6). Since D is a club, f | « is an embedding of A, to Agj,, for all
a € DNC,. We conclude that F(n) <g F(§). Let us show that if n Zg &, then

F(n) £q F(&). Suppose 1 Zg €. The property
“(there is no embedding of A, to A¢) A (k is regular) A (C is unbounded)”

is a [I}-property of the structure (V, €, A), where A = (nx {0})U (¢ x {1}) U(Cy x
{2}). Since x is weakly compact, there is stationary many ordinals 7 such that the
above property holds with n and £ replaced by n [ v and & | v as well as x replaced
by 7, i.e.

“(there is no embedding of A, to Ag,) A (7 is regular) A (C Ny is unbounded

in 7)”.

We conclude that there are stationary many ordinals « such that F'(n)(v) Z F(£)(7),
hence F(n) Lo F(§). O

Let (fa)a<r be a sequence that witnesses WCZ,. For all a € reg(k) define the
relation < on (G.)* by: f < g if there is a club €' C « such that for all 5 € C,
f(B) E g(p) holds. Notice that since the intersection of two clubs is a club, then
<@ is a quasi-order. Define the map F: (G.,)" — 2" by

0 if fla<df

1 otherwise

F()(e) :{
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Claim 5.7.2. f <q g if and only if F(f) T F(g).

Proof. Let us show that if f <g ¢, then F(f) £ F(g). Suppose f <g ¢, then
there is a club C' C & such that for all « € C, f(a) C g(«). Therefore, for all
a € lim(C) Nreg(x) it holds that f [ a <& g [ a. Now if a € lim(C') Nreg(x) is such
that F(g)(a) =0, then g [ o <§ fo, 80 f [ a <§ fo and F(f)(a) = 0. We conclude
that (F(f)"'[1]\F(g)"*[1]) Nreg(x) is non-stationary. Hence F(f) £ F(g). Let
us show that if f Z¢g g, then F(f) Z*® F(g). Suppose that f £q g, then there is
a stationary set S C r such that for all « € S, f(a) £ g(a). Because of WC, we
know that the set

A={acreg(k) | g a= foANSNais stationary}

is a stationary set. Therefore, for all @ € A, F(g)(a) = 0, and for all 8 € SN q,
f(B) £ g(B). Since for all « € A, g | @ = f,, and S N« is stationary, we conclude
that f | a %@ fa holds for all @ € A. Hence, for all a € A, F(g)(a) = 0 and
F(f)(«) = 1. We conclude that A C (F(f)"[1]\F(g)~'[1]) N reg(x), and since A
is stationary, F(f) £*¢ F(g). O

Clearly F o F': Modg — 2" is a Borel-reduction of C¢ to T8, O
Theorem 5.8. If k is weakly ineffable, then TN is Xl-complete.
Proof. Follows from Fact 5.3, Lemma 5.4, Fact 5.5, and Theorem 5.7. n

Thus, the only case concerning [Mot, Q. 11.4] that is still open is the case where
V # L and k is a weakly compact, but not weakly ineffable cardinal. For example
the first weakly compact is such [Fri, Lemma 1.12]. For successor cardinals, we know
from [FWZ] that it can be forced the relation F% ¢ to be a A}l equivalence relation.
So it is consistently true that CNS is not ¥1-complete.

5.2 Yi-completeness of =po and = for weakly compact x

In this section we prove:

Theorem 5.9. Suppose that k is weakly compact. Then the isomorphism relation
on dense linear orders is ¥:1-complete.

Before proving Theorem 5.9, we first prove the following:
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Lemma 5.10. If k is weakly compact, then the bi-embeddability of graphs ~q 1is
reducible to E¥,, (Definition 2.3).

reg

Proof. Let C be the club as in Definition 2.2 and for all & € C; define the relation
~¢ as follows. For all n,§ € Modg, let n =& &, if A,, is embeddable in A}, and
Ao s embeddable in Agj, (Definition 2.2).

There are at most x many equivalence classes of ~&, so let g,: Modg — K be
a function with the property that for all n,& € Modg, we have ¢,(n) = ¢g.(§) if and
only if n ~¢

Define the reduction F: Modg, — k" by

Fln)(a) = {ga(m e

0 otherwise.

Let us show that if n =g &, then (F(n), F(§)) € EY,,. Suppose that n ~g . Then
there are embeddings Fi: k — k and Fy: k = K from A, to Ag, and from A¢ to
A, respectively. Let Dy and Dy be the sets of all closure points (Definition 5.6)
of F} and Fj respectively. These are closed unbounded sets in k. Then for all
a € DiNDyNCr, Ay and Agj, are bi-embeddable. Hence for all « € D;NDyNCrx,
F(n)(a) = F(§)(a). We conclude that (F(n), F(§)) € Ef,.

Let us show that if  %¢ &, then F(n) and F(§) are not E}; -equivalent. Suppose
that (1,£) ¢ ~¢, without loss of generality, suppose that there is no embedding of
A, into A¢. The property

There is no embedding of A, to A¢ N k is reqular A Cy is unbounded

is a IT}-property of the structure (V, €, A), where A = (n x {0}) U (¢ x {1})U
(Cr x {2}). Since k is weakly compact, there are stationary many ordinals v < &
such that C N~ is unbounded, v € C}, 7 is regular, and there is no embedding of
Ayy to Agpy. We conclude that there are stationary many regular cardinals v with

Fn)(v) # F(&)(v), hence n and £ are not E¥ -equivalent. O

reg

Corollary 5.11. If k is weakly compact, then E* is ¥1-complete.

reg
Proof. Follows from Theorem 5.1 and Lemma 5.10. [

Now we can prove Theorem 5.9:

Proof of Theorem 5.9. By [AHKM, Thm 3.9] we have Ef., <. =pro, so the result
follows from Corollary 5.11 O

By Theorem 4.6 we get the following corollary to Theorem 5.9:
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Corollary 5.12. Suppose that k is weakly compact. Then the isomorphism relation
on graphs is X1 -complete. O
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