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Abstract

We study the Borel-reducibility of isomorphism relations in the generalized Baire space «*. In the
main result we show for inaccessible «, that if T is a classifiable theory and T’ is superstable with the
strong dimensional order property (S-DOP), then the isomorphism of models of T is Borel reducible to
the isomorphism of models of T’. In fact we show the consistency of the following: If x is inaccessible
and T is a superstable theory with S-DOP, then the isomorphism of models of T is Z%-complete.
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1 Introduction

One of the main motivations behind the study of the generalized descriptive set theory, is the connections
with model theory. The complexity of a theory can be measured using the Borel reducibility in the
generalized Baire spaces: We say that T’ is more complex than T if the isomorphism relation of T with
universe x (27) is Borel reducible to the isomorphism relation of T’ with universe k. Classification
theory in Shelah’s stability theory gives another notion of complexity. The stability theory notion of



complexity allows us to compare classifiable theories with non-classifiable theories, but it doesn’t allows
us to compare the complexity of two non-classifiable theories. On the other hand, the Borel reducibility
notion of complexity allows us to compare the complexity of two theories, no matter if the theories
are both non-classifiable. Friedman, Hyttinen, Kulikov and others have studied the connection between
these two notions of complexity.

One of the most important questions regarding the Borel reducibility complexity notion is: Is the
Borel reducibility notion of complexity a refinement of the stability theory notion of complexity? Answer this
question is one of the objective pursued by the generalized descriptive set theory. For a theory to be
non-classifiable, this one must be either unstable, or superstable with OTOP, or superstable with DOP,
or stable unsuperstable. It is natural for model theorist to believe that there is a distinction between the
complexity of these four kind of non-classifiable theories, it is conjectured that this mey be reflected in
the Borel reducibility complexity notion.

The results reviewed in this introduction require further assumptions and the reader is referred to
the original paper for the exact assumptions. In [HKM] it was shown, under the assumptions of <) and «
successor, if T is classifiable and T is not, then =27 is Borel reducible to = . In [Fer], [FMR] and [HKM2]
it was showed that for certain models of ZFC, if « is a successor cardinal, then the isomorphism relations
of any non-classifiable theory is Z%—complete. In particular, in [FMR] and [FMR?2] different forcings were
constructed to obtain this. It is natural to ask whether the same holds when « is inaccessible. The case
stable unsuperstable was studied in [HM] and the following was found, if T is classifiable and T' is stable
unsuperstable with OCP, then =1 is continuously reducible to =1/, in some models ([Fer], [FMR], [HKM?2])
>~ is Zl-complete. Some previous work has been done in the case of superstable theories with DOP.
In [LS] Laskowski and Shelah studied the A-Borel completeness of the relation (Mod) (T), =c,r,) When
T is w-stable with eni-DOP or eni-deep (see below).

Definition 1.1. For any relational language L with size at most A, let L* = LU{=R | R € L}, and let S}
denote the set of L-structures M with universe L. Let L(A) = {R(&) | R € L*,& € A", n = arity(R)} and
endow S} with the topology generated by the subbasis

B = {Ug@) | R(a) € L(A)}
where Ugg) = {M € S} | M |= R(a)}.

Definition 1.2. Given a language L of size at most A, a set K C S} is A-Borel if, there is a A-Boolean combination
i of L(A)-sentences (i.e., a propositional L)+ x -sentence of L(A)) such that

K={MeS}| MEy)

Given two relational languages L1 and L, of size at most A, a function f : S%l — Si‘z is A-Borel if the
inverse image of every open set is A-Borel.

Definition 1.3. Suppose that L1 and Ly are two relational languages of size at most A, and for | = 1,2, K; is a
A-Borel subset of S/L\l that is invariant under =4, . We say that (Ky, =y, ) is A-Borel reducible to (Kp, =, ),
written

(K1, Zoory) <5 (K2, Zeo,)

if there is a A-Borel function f : S’L\1 — S’L‘2 such that f(Kq) C Ky, and for all M, N € Kj it holds that

M =g x, N ifand only if f(M) =y, f(N)



Definition 1.4. K is A-Borel complete for =, if (K, =, ) is @ maximum with respect to gﬁ. We call a theory
T A-Borel complete for =y, if Mod (T), the class of models of T with universe A, is A-Borel complete for =q, -

Lemma 1.5 ([LS], Corollary 4.13 and 6.10). If T is w-stable with eni-DOP or eni-deep, then T is A-Borel com-
plete for =,

=K
=, Here and

throughout the paper we assume that « is an uncountable cardinal that satisfies x<* = x, M will
denote the monster model, and for every finite tuple 2, we will denote a € Alength(a) by a € A, unless
something else is stated.

The generalized Baire space is the set k* with the bounded topology. For every { € k=¥, the set

[Cl={nex"|{Cn}

is a basic open set. The open sets are of the form |J X where X is a collection of basic open sets. The
collection of Borel subsets of * is the smallest set which contains the basic open sets and is closed under
complement and unions of length «.

A function f: k* — «* is Borel, if for every open set A C x* the inverse image f~![A] is a Borel subset
of «*. Let E; and E; be equivalence relations on «*. We say that E; is Borel reducible to E,, if there is a
Borel function f that satisfies (x,y) € E; < (f(x),f(y)) € Ey, we call f a reduction of E; to E; and it
is denoted by E; <p Ej. If f is continuous, then E; is continuously reducible to E; and it is denoted by
E; <¢ B

Let £ = {P, | n € x\} be a given relation vocabulary of size x. When we describe a complete theory
T in a vocabulary L C £, we think of it as a complete L-theory extending T U {Vx—P, (%) | P, € L\L}.
We can code L-structures with domain «x as follows.

Let us use the isomorphism relation to make a last observation on the relations

Definition 1.6. Fix a bijection 7: x~“ — x. For every 5 € «* define the L-structure A, with domain x as
follows: For every relation Py, of arity n, every tuple (a1,ay,...,a,) in k" satisfies

(ay,a0,...,a,y) € P,f” < n(n(m,ay,a,...,a,)) > 1.

Since for all B < «, the sets {y € «* | #(B) = 0} and {y € «* | y(B) > 0} are Borel, then for
allR € £* and & € xR the set {n € «* | A, = R(@)} is Borel. Then if K is a x-Borel subset
of S%, then the set {# € x* | M = A;,M € K} is Borel. On the other hand for every basic open set
€], there is @, a L, x,-sentence of L(k), such that [{] = {n € x* | A; = ¢}. Therefore, if K C S}
is such that {y € ¥* | M = A,;,M € K} is Borel, then there is i a L+ » -sentence of L(x) such that
{nex|M=A;,MecK} ={yex*| A E ¢}. We conclude that K C S is x-Borel if and only if
{n e x| M = Ay, M € K} is Borel.

Let us define the equivalence relation =X 8, C K x «* for every K x-Borel subset of S} invariant
under =q, %, by: (1,¢) € =k if and only if

o Ay, Az € Kand A; =, Ag or

If K = Mod,(T), then we denote by =L y, the equivalence relation =K x,- From the previous observa-
tion, we can restate Lemma 1.5 as follows:

If T is w-stable with eni-DOP or eni-deep, then for every K x-Borel subset of S invariant under =4y, it
holds that

— T
:OO,NO SB :OO,NO :



Definition 1.7 (The isomorphism relation). Assume T is a complete first order theory in a countable vocabu-
lary, L. We define =7 as the relation

{(,8) e x| (Ay ET, Ae BT, Ay = Ag) or (Ay [T, Az £ T)}

"1

We will omit the superscript “x” in =% when it is clear from the context. For every complete first order
theory T in a countable vocabulary there is an isomorphism relation associated with T, =I..

Given a countable vocabulary £, define L by L = LU {P}U{Rg | B < x}, where P is an unary
relation Ry is a binary relation for all B < x. Let T be a complete first order theory in £, for every
A € Mod,(T) construct an L-structure A such that:

e dom(A) =,

e A = P() if and only if there is B < k such that a = 28,
e A| {28 ]| B < «} is isomorphic to A as an L-structure,
o VB < x, Rg(x,y) implies ~P(x) A P(y),

e for every a < « and every b with —P(b), there is a unique tuple a € k<" with length(a) = « and
for all ¥ < &, P(a,), that satisfies:

VB <a, Rg(b,c) & c=ap.

e for every & < k and every tuple 4 € x* with length(a) = a and for all v < «, P(ay), there is a
unique element of A, b;, that satisfies:

VB <, Rg(ba,c) & —P(by) and c = ag.

Let K be the smallest subset of S} that contains {4 | A € K} and is invariant under = x,. By Theorem
XIIL.1.4 of [She], if T is a classifiable theory in £, we get that (17,¢) € =L , if and only if (17, ¢) € =r. Now,
(11,¢) € =7 clearly implies A, =, Ag; conversely A; = x, Ar implies Ay =oox Az, 50 Ay =con, At
implies (1,&) € =7. We conclude that the map f : ¥ — x* given by

o if Ay [= T, then f(7) is a code for A, (ie. Ag,) = Ay),
e if A, [~ T, then f(1) a code for B, where B is a fix L-structure not in K.

is a reduction from =7 to Ef_o Ro- In [FHK] (Theorem 69) it was proved that if T is classifiable and

not shallow, then =7 is A% and not Borel. Therefore, if T is classifiable and not shallow, then Efo No

is
not Borel. In conclusion, for many K x-Borel subset of SZ invariant under =y, the relation Efo Ro is
not Borel. Notice that all the relations of the form Efo x, are A%, this is due to the fact that =y, is
characterized by the Ehrenfeucht-Fraissé game of length w which is a determined game.

From now on £ will be a countable relational vocabulary and every theory is a theory in £. In this

paper we study the case of superstable theories with DOP, we answer the question:

Question 1.8. Is it consistently true: There is a superstable theory with DOP for which the isomorphism relation
is ©1-complete?



As it was mentioned above, this question was answered when « is a successor ([FMR], [HKM2]), we
will focus only on the case x an inaccessible cardinal. We answer this question in Corollary 5.3, where
we show that in the models of [FMR] and [HKM2], the isomorphism relation of any superstable theory
with S-DOP is £}-complete. In particular we will prove that there is A < « such that EX .~ <. holds

for any T superstable theory with S-DOP. For every regular cardinal ¢ < x and f,g € «* are E;—club

equivalent (f Ey_,,, g) if the set {o <« | f(a) = g(a)} contains a p-club, i.e. it is unbounded and closed
under p-limits.

2 Preliminaries

2.1 Coloured Trees

Coloured trees have been very useful in the past to reduce E;j_ aup Yo =t for certain p < x and T non-
classifiable, see [FHK], [HM] or [HK]. We will present a variation of these trees that has height A 4 2 for
A an uncountable cardinal.

For a tree t, for every x € t we denote by ht(x) the height of x, the order type of {y € t | y < x}.
Define t, = {x € t | ht(x) = a} and t<4 = Ug,tg, denote by x [ a the unique y € t such that y € t,
andy <x. Ifx,yectand {z €t|z<x} ={z€t|z <y}, then we say that x and y are ~-related,
x ~ y, and we denote by [x] the equivalence class of x for ~. An «, B-tree is a tree t with the following
properties:

e |[x]| < a for every x € t.

o All the branches have order type less than f in t.

e t has a unique root.

e If x,y € t, x and y has no immediate predecessors and x ~ y, then x = y.

Definition 2.1. Let A be an uncountable cardinal. A coloured tree is a pair (t,c), where t is a k™, (A + 2)-tree
and ¢ is a map ¢ : t), — x\{0}.

Two coloured trees (t,¢) and (#,¢’) are isomorphic, if there is a trees isomorphism f : t — ' such
tha)ic for every x € t), c(x) = ¢/(f(x)). We can see every coloured tree as a downward closed subset of
k<A

Order the set A x k x & X k X k lexicographically, (a1, ap, a3, a4, 25) > (B1, B2, B3, Pa, Bs) if for some
1 <k <5,a; > By and for every i < k, a; = B;. Order the set (A x k x x x k x k)" as a tree by inclusion.
Define the tree (If,df) as, I the set of all strictly increasing functions from some 6 < A to x and for each
1 with domain A, d¢(n7) = f(sup(rang(y))). For every pair of ordinals « and B, « < f < x and i < A
define

R(a, B,i) = |J {n:[i,j) = & B) | y strictly increasing}.
i<j<A

Suppose « is an inaccessible cardinal. If « < B < x and a,B,7 # 0, let {P:;"/S | ¥ < x} be an
enumeration of all downward closed subtrees of R(a, B, i) for all i, in such a way that each possible
coloured tree appears cofinally often in the enumeration. Let Pg’o be the tree (If,ds). This enumeration
is possible because « is inaccessible; there are at most | ;) P(R(«a,B,1))| < A x x = x downward

closed coloured subtrees, and at most x X ¥<* = x coloured trees. Denote by Q(Pﬁ"8 ) the unique ordinal
number i such that P,D;’ﬁ C R(w, B,1).



Definition 2.2. Suppose « is an inaccessible cardinal. Define for each f € «* the coloured tree (Jf,cf) by the
following construction. For every f € x* define J¢ = (J¢,cs) as the tree of all 7 : s — A X k*, where s < A,
ordered by extension, and such that the following conditions hold for all i,j < s:

Denote by n;, 1 < i <5, the functions from s to « that satisfies, (n) = (11 (n),12(n), n3(n), n4(n),n5(n)).

1.

10.

© % N S Uk W

i [nE]fforalln<s.

1 is strictly increasing with respect to the lexicographical order on A x x*.
M) < mli+1) < i) +1

(i) = 0 implies 12(i) = n3(i) = n4(i) = 0.

12(i) = n3(i) implies 1(i) = 0.

m (i) <m(i+1) implies 2 (i +1) = n3(i) + 74 (i)

For every limit ordinal a, i (a) = supg<a{ni(B)} for k € {1,2}.

(i) = () implies (i) = () for k € {2,3,41.

If for some k < A, [i,j) = u; ' {k}, then

;o 12(1),173 (i)
s [ [i,j) € P,74(i) .

Note that 7 implies Q(PZ:((;))’%G)) =i
If s = A, then either

(a) there exists an ordinal number m such that for every k < m n1(k) < n1(m), for every k' > m

n1(k) = n1(m), and the color of 7 is determined by ng((:;))’%(m):

c(n) = c(ns | [m, A))

where c is the colouring function of PZ:((::)) s(m)

Or

(b) there is no such ordinal m and then c¢(n) = f(sup(rang(1s))).

The following lemma is a variation of Lemma 4.7 of [HM], nevertheless the proof is the same in both

cases.

Lemma 2.3. Assume « is an inaccessible cardinal, then for every f,g € «* the following holds

fEx e & < Jr =g

Remark 2.4. For each o < x define | }‘ as

J§ =A{n €]yl rang(n) C A x (B)* for some B < a}.

Notice that for every 11 € J¢ has the following properties:



1. sup(rang(ns)) < sup(rang(ij3)) = sup(rang(ijs)) = sup(rang(1z)).
2. Wheny [k e ]}‘ holds for every k € A, sup(rang(ys)) < a. If in addition 7 & J%, then sup(rang(ys)) =
Q.

From now on x will be an inaccessible cardinal. Let us take a look at the sets rang(f) and rang(cy),
more specifically at the set {a <« | f(a) € rang(cf)}.

Remark 2.5. Assume f € x* and let [ be the respective coloured tree obtained by Definition 2.2. If 5 € ]y
satisfies Definition 2.2 item 10 (b), then clearly exists & < x such that c¢(n) = f(a). It is possible that not

for every & < K, there is y € ]}‘H such that c¢() = f(a). Nevertheless the set C = {a < x | 3¢ €
]}‘“ suchthat &1 [ w =id+ 1,81 | [w,A) =id | [w,A) and c¢(§) = f(a)} is a A-club.

2.2 Strong DOP

Now, we will recall the dimensional order property and the strong dimensional order property. The
independence properties of indiscernible sequences have been a very useful tool to study theories with
DOP (see [HaMa], Section 2), this makes superstable theories with DOP and strong independence prop-
erties good candidates to answer Question 1.8. Following this direction we will define the strong di-
mensional property (Lemma 2.9 and Definition 2.13), we will give some important properties that will
be useful to construct models of theories with the strong dimensional property. In [She] Shelah gives
an axiomatic approach for an isolation notion, F, and defines the notions F-constructible, F-atomic,
F-primary, F-prime and F-saturated.

Definition 2.6. Denote by Ff the set of pairs (p, B) with |B| < 0, such that for some A O Band a, p € S(A),
a = pand stp(a,B) - p.

In [She] (Definition II 4.2 (2), and Definition V 1.1 (2) and (4)) the notions of stationarization of a type, and
orthogonal types are defined. For pi, py € S(A) stationary types the following holds. If p; = tp(ay, A),
and pp = tp(ay, A), then p; is weakly orthogonal to p; if and only if a; |4 a;. A stationary type p € S(B)
is orthogonal to A if for all 4,b and D D A the following holds: If tp(b, B) is stationary, a = p, b |4 B,
blgDanda |g D, thena |pb.

Fact 2.7. Let B,D C M, M a F?-saturated model over BU D, and p € S(M). If p is orthogonal to D and p does
not fork over B U D, then for every a |= p | BU D the following holds: a | gyp M implies tp(a, M) L D.

A type p € S(BUC) is orthogonal to C, if for every F/,-primary model, M, over B U C there exists a
non-forking extension of p, g € S(M), orthogonal to C.
In [She] (X.2 Definition 2.1) Shelah defines the dimensional order property, DOP, as follows.

Definition 2.8. A theory T has the dimensional order property (DOP) if there are F!
My C My N M, My |m, Mo, and the Fg(T)—prime model over My U M, is not F}f

(T)—satumted models (M;);<3,
(T)—minimal over M1 U Mp.
The proof of the following lemma is similar to the proof of [[She] X.2 Lemma 2.2].

Lemma 2.9. Let My C My N My be F,-saturated models, My |y, Mz, M3z Ff-atomic over My U M, and
F? -saturated. Then the following conditions are equivalent:

1. There is a non-algebraic type p € S(Ms) orthogonal to My and to My, that does not fork over My U Mj.



2. There is an infinite indiscernible I C M3 over My U M, that is independent over My U Mp.

3. There is an infinite I C Mj indiscernible over My U My and independent over My U My, such that
Av(I, M3) is orthogonal to My and to Mj.

The rest of the results in this section will be stated and proved for the case of the F/, isolation. Many
of those results can be easily generalized to F}?(T) by making small changes on the proof. From now on
we will work only with superstable theories. We know that for every superstable theory T, x(T) = w.

Lemma 2.10 ([HS], Theorem 2.1). Let My < My, M, be Fj,-saturated models, such that My |, M. Let M3
be an F2-prime model over My U My and let I C M3 be an indiscernible over My U M, such that Av(I, M3) is
orthogonal to My and to My. If (B;);3 are sets such that:

® By lm, M1 U M.
e Bi lmus, B2UMo.
e By |myuB, B1UM;.

Then
tp(], Ml U Mz) F i’p([, Ml U M2 Ui<3 Bl)

The following lemma shows that, if M, M, and M3 are models that satisfy Definition 2.8, then we can
find models M}, M}, and M} that extend M;, M,, and M3 respectively and satisfy Definition 2.8.

Lemma 2.11. Let My C My N My be Ff,-saturated models, such that My |, Ma and M3, the Ff,-prime model
over My U My, is not Ff-minimal over My U My. If (M});3 are F{,-saturated models that satisfy:

o Vi<3, M C M.
o Vi <3, M |y Ms.
o« M Ly M.
Then MJ the Fl,-prime model over My U My} is not Fl,-minimal over Mj U M.

Remark 2.12. From the previous lemma we can conclude that if I is independent over My U My, then I is
independent over M} U Mj,.

Definition 2.13. We say that a superstable theory T has the strong dimensional order property (S-DOP) if the
following holds:

There are Ff,-saturated models (M;);<3, Mo C My N My, such that My |y, Mo, and for every M3 Ff,-prime
model over My U My, there is a non-algebraic type p € S(Ms) orthogonal to My and to My, such that it does not
fork over My U My.

From [She] X.2 Lemma 2.2, every superstable theory with S-DOP has DOP. In [HrSo] Hrushovski and
Sokolvi¢ proved that the theory of differentially closed fields of characteristic zero (DCF) has eni-DOP,
so it has DOP. The reader can find an outline of this proof in [Mar2]. We will show that DFC also has
the S-DOP, this can be done following the proof in [Mar2] or the one in [Mar] which uses Rosenlicht’s
Theorem. We will focus on the proof of the S-DOP property:

There are Ff,-saturated models (M;);<3, My C My N My, such that My |, My, and for every M3 Ff,-prime
model over My U My, there is a non-algebraic type p € S(Mjz) orthogonal to My and to My, such that it does not
fork over My U My.



More on DCF (proofs, definitions, references, etc) can be found in [Mar]. Let K be a saturated model
of DFC, k C K and a € K", we denote by k(a) the differentially closed subfield generated by k(a).
If A C K and for all n, every nonzero f € k{x1,x3,...,%,}, and all ay,ay,...,a, € A it holds that
f(ay,ap,...,a,) # 0, then we say that A is d-independent over k. For all k C K denote by ki the
differential closure of k in K.

Theorem 2.14 (Hrushovski, Sokolvi¢, [Mar] Theorem 7.6, [Mar2] Sections 4, 5). Suppose Ky is a differ-
entially closed field with characteristic zero, {a, b} is 6-independent over Ko, K1 = Ko(a)¥f, Ky = Ko(b)¥/, and
K = Ko(a,b)¥f. There is p a type over K that does not fork over {a, b} such that K; Ik, Ko, p L Ky, and
p L Kz.

Corollary 2.15. DFC has the S-DOP.

Proof. Let a, b, K1, Kp, and p be as in Theorem 2.14. By Theorem 2.14 it is enough to show that p does
not fork over Ky U K;. This follows since p does not fork over {a,b}. O

3 Construction of Models

In this section we will use coloured trees to construct models of a superstable theory with S-DOP. To
do this, we will need some basic results first and fix some notation. We will study only the superstable
theories with S-DOP. Instead of write F-constructible, F?-atomic, F/-saturated and F/-saturated we
will write a-constructible, a-atomic, a-primary, a-prime and a-saturated. From now on T will be a
superstable theory with S-DOP. We will denote by A(T) the least cardinal such that T is A-stable. Since
T is superstable, then A(T) < 2%, we will denote by A the cardinal (2¢)™.

Definition 3.1. Let us define the dimension of an indiscernible I over A in M by: dim(I, A, M) = min{|J| : |
is equivalent to I and | is a maximal indiscernible over A in M}. If for all | as above dim(I, A, M) = |]|, then
we say that the dimension is true.

Lemma 3.2 ([Shel). If [ is a maximal indiscernible set over A in M, then |I| + «x(T) = dim(I, A, M) + «(T),
and if dim(I, A, M) > «(T), then the dimension is true.

Theorem 3.3 ([Shel). If M is a-primary model over A, and I C M is an infinite indiscernible set over A, then
dim(I, A, M) = w.

For any indiscernible sequence I = {a; | i < 7}, we will denote by I [, the sequence I = {a; | i < a}.
Now for every f € x* we will use the the tree ] given in Definition 2.2, to construct the model Af. Since
T has the S-DOP, by Lemma 2.9 and Lemma 2.10 there are g-saturated models A, B, C of cardinality 2¢
and an indiscernible sequence Z over B U C of size «x that is independent over B U C such that

1. AcBNC,BlyC.
2. Av(Z,B UC) is orthogonal to 5B and to C.
3. If (B;);<3 are sets such that:

(@) By Ly BUC.
(b) By {BuB, B2UC.
(¢) B2 Jcus, B1UB.



Then,
tp(Z,BUC) Ftp(Z,BUCU;3 B;).

For every ¢ € (Jf)<a and every 7 € (J¢), (recall ¢, at the beginning of the section 2), let B =4 B,
A = Bz, and Cy = 4 C, A < Cy, such that the models (B;) el and (Cv)qe( I satisfy the following:

o Be laU{B;Col € (Jr)eaNOE(JANT #C)

o Cy LaU{B;,Col T (Jr)eaNOE (JANO #11}.
Notice that all § € (Jf)<x and 7 € (J),, satisfy

BeUCy ba\ 1By Co | C € (Jp)ea NO € JpANT#EAO # 1}

Let Fz; be an automorphism of the monster model such that Fz, [ C : C — Cjand Fz, [ B: B — B¢
are isomorphisms and Fz, [ A = id. Denote the sequence Z by {w, | « < x}. For all 7 € (J)) and

every § < 11, let Iy = {ba | @ < c¢(17)} be an indiscernible sequence over Bz U Cy of size c¢(7), that is
independent over Bz U Cy, that satisfies:

o tp(lgy, Bz UCy) = tp(Fey (T T cf(1)), Bz UCy).
o Igy dp,uc, ULBr, Co | T € (J)aa NO € (JaAtUU Lo | § # GV O # 1}

Therefore, there is an elementary embedding G : Bz UCy U Fy(Z | ¢(17)) — Bz UCy U I given by
G | Bz UCy =id and G(Fz;(Z [ c£(17))) = Izy- So the map Hg,; : BUCUZ [ ¢f(y7) — Bz UCy U Iy given
by Hg; = G o (Fg, | dom(Hg,)) is elementary.

Remark 3.4. Bz, Cy, and Iz, satisfy the following:
1. Av(Igy, Bg UCy) is orthogonal to Bz and to Cy.

Jf)<a

2. If (B;)<3 are sets such that:

(a) By g Bg UCU.
(b) By lp.upy B2UCy.
(c) B2 le,uBy B1UBg.

Then,
tP(ng/ Bg @] Cﬂ) F tp(I‘:’?’ BC U C,7 Ui<z B;).

3. Iey dnue, U{Bg, Co | T € (Jr)aaNO € (JatUULIge [ L # SV O # 1}

Definition 3.5. Let Tf be the set U{Bz,Cy, Iey | & € (J)<a A € (J)A NE < 1} and let AS be the a-primary
model over I'y. Let I'} be the set U{Be, Cy, Iey | &1 € JfNE < 1}, recall J§ from Remark 2.4.

Fact 3.6. If a is such that & < f(«), sup({cf(iy)}ﬂel}c) < «, then |Fj‘[+1| = f(a).

Proof. Since T = U{B¢,Cy, Izy | ¢ € (J)ca A1 € (J)AAG < 5}, we know that \Fj‘[+1| < \]?+1|~
sup({cf(iy)}ﬂe(];+1)A). Since Uj‘f+1| < at < f(a) and sup({cf(iy)}ﬂej?) < wa < f(a), we get |1“j;+l| <
max(f(zx),sup({cf(q)}ﬂej}cﬂ\]}k)). But every 17 € ]}c+1\]}‘ with domain A has rang(y1) = A and f(«) =
c¢(n), otherwise rang(ns) < a and 17 € ]}X. We conclude |1"}¥“| = f(a). O
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Lemma 3.7. For every & € (Jr)<p, 11 € (Jr)a, & < 1, let pgy be the type Av(Igy | w, Iy | wUBzUCy). If
cr(n) > w, then dim(pgq,.Af) =cs(n).

Proof. Denote by S the set Iz, [ wU Bz UCy, 50 pgy = Av(Ig | w,S).

Suppose, towards a contradiction, that dim(p,:,],Af ) # c¢(n). Since I, C Af, then dim(pe;, Af) >
c¢(17). Therefore, there is an independent sequence I = {a; | i < cf(7)"} over S such that I C Af and
Va el alpg.

By induction on a, it can be proved that Iz, [ w U {a; | i < a} is indiscernible over Bz UC,. Therefore
Izy | wU I is indiscernible over Bz U Cy. In particular Iz, | w U I is indiscernible, and Iz is equivalent
to I.

By some forking calculus manipulation and Remark 3.4, it is easy to prove that tp(Iz,;, Bs UCy)
tp(Igy, Tf\Izy) and Ig, is indiscernible over I'f\ Iz,

We know that tp(I, Bz UCy) = tp(Izy, Bz UCy), therefore tp(I, Bz UCy) & tp(lgy, T f\ Iz ). We conclude
that tp(I, Bz UCy) + tp(I,Tf\Ig;) and since I is indiscernible over Bz U Cy, then I is indiscernible over
T\l

There are I', I* C I such that |[I'| = c¢(17)" and I’ oLt lgy- In particular I’ is indiscernible over
T U I*, and I’ is indiscernible over I’ I

Let | C Af be a maximal indiscernible set over [s such that I' C J. By Lemma 3.2 [J| + x(T) =
dim(], Ty, Af) +x(T). Since T is superstable, x(T) < w < ce(n)* < |J| and we conclude that x(T) <
dim(], Ty, Af) +x(T). Therefore x(T) < dim(], Iy, Af) and by Lemma 3.2 the dimension is true,
dim(],Ty, Af) =1]|. So dim(], Iy, Af) > w a contradiction with Theorem 3.3. O

One of the key lemmas for the following section is Lemma 3.9 (below). Let us define the nice subsets
of I'y. These subsets have a couple of properties, that will be useful when we study the model AL

Definition 3.8. We say X C Iy is nice if the following holds.
1. If XN Iz, #+ @, then B, Cy C X.
2. IfBgﬂX # @, thent c X.
3. IfCyNX # @, then C; C X.
4. If & <nand Bg,Cy C X, then X N Igy is infinite.
The argument for the following Lemma is a variation of the argument used in [HS] in the fourth section.

Lemma 3.9. Let Z be a nice subset of Ty and d € T ¢\Z. Then for all B finite subset of Z thereis f € Saut(M, B)
such that f(d) € Z.

Suppose X and A are nice subsets of I's. If ¢ and 7 are such that 5 UC; C A and Iz, N X C A, then
we say that A is X-nice for (¢, 7).

Lemma 3.10. Suppose Z C Iy is nice and B is a-constructable over Z. If X C I'r is a nice subset such that
Z U X is nice, then B U X is a-constructible over Z U X.

Proof. Let (Z, (a;, B;)i<) be an a-construction for B over Z. Let (D;); s be an enumeration of { B¢, Cy, I, N
X|[&<nABzUCy; € ZUX} such that Bz and Cy are before I¢, in the enumeration. Let ZJ be the
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minimal nice subset of Z U X that contains Z U {J;< j D;, and it is X-nice for every (x,y) that satisfies:
either By C U<;D;\Z or Cy C Ui<;D;\Z. First, we will show that (ZJ, (aj, B;)i<) is an a-construction
for BU Z/ over Z/, for every j < 6.

Suppose, towards a contradiction, that « is the minimal ordinal such that (Z*, (a;, B;);,) is not
an a-construction for BU Z* over Z*. By the minimality of a, (ZP, (a;, B;)i<,) is an a-construction for

B U ZP over ZP, for every B < a. Therefore for every B < a and i < 7, (tp(a;, Zf),Bi) € F? where
Ziﬁ = 7ZPuU Uj<iaj. So (tp(a;, Uﬁ<aZiﬁ),Bi) € F? for every i < 7, we conclude that « is not a limit

cardinal. Let us denote by Z’ the set ZP, for B the predecessor of a.
The proof is divided in the following cases:

1. Dy = C;; for some C; € XU Z.
2. Dy = B¢ for some Bz C X U Z.
3. DazlgqﬂX,forsome B:UuCy C XUZ.

The case 2 is similar to the case 1, we will show only the cases 1 and 3.

Case 1: Since (Z*, (a;, B;)i<, ) is not an a-construction over Z*, then by the minimality of Z*%, C, Z Z'.
Therefore, 15,7 NZ = @ for every ¢ < 1. Since X U Z is nice, then we know that for all Bg C Z' that
satisfies § < 7, it holds that By C X. Let n be the least ordinal such that (Z' UC, UU{Ils; N X | § <
nABg € Z'},(ai, Bi)i<y) is not an a-construction over Z' UC, UU{Is; N X | & < 5 ABg C Z'}, since
a-isolation is the F/ -isolation, then Bj, is finite and we can assume n < w.

Denote by D the set C; UU{Iz; N X | & <1 ABg C Z'}. Since (Z'UD, (a;, B;)i<y) is an a-construction
over Z', then C = U;, BiN (Z' UD) is such that stp(ay -+ " a,-1,C) & tp(ay -+ a,_1,Z" UD).
Notice that C is a subset of Z'. On the other hand, there is b such that stp(b, B,) = stp(an, By), and
tp(b, 2" UU{a; | i <n}UD) # tp(an, Z' UU{a; | i <n} UD). So there are tuplesd € D\Aand e € Z' U
U{a; | i < n} that satisfy tp(b,eUd) # tp(ay, e Ud). Denote by W the set CU ((B, Ue) N Z’), by Lemma
3.9 we know that there is ¢ € Saut(M, W) such that g(d) € Z'. We know that, stp(ag ---"a,-1,C) F
tp(ag -+ ay_1,2' UD),soay -+~ a,_1 Lc Z' UD. We conclude that

ag - apdwd

and

ay - ap—1 dw g(d).
Therefore stp(d,CUB, Ue) = stp(g(d),UCU B, Ue) and there is f € Saut(M,C U B, Ue) that satisfies
£(d) = g(d).

Since tp(b,e Ud) # tp(ay,eUd) and stp(b,B,) = stp(an, By) hold, then we have that tp(f(b),eU
f(d)) # tp(f(an),eU f(d)), and the strong types of a,,, b, f(a,) and f(b) over B, are the same strong type.
Since (Z’, (a;, B;)i<, ) is an a-construction, then by the a-isolation we know that stp(a, B,) - tp(a,, Z' U
U{a; | i <n}), onthe other hand stp(a,, By) = stp(f(an), Bn) = stp(f(b), Bx), so tp(f(an), Z' UU{a; | i <
n}) =tp(f(b),Z' UU{a; | i < n}). In particular e, f(d) € Z/, so tp(f(b),eU f(d)) = tp(f(an),eU f(d)),
a contradiction.

Case 3: By the way (D;);; was define, we know that Bz and C; are before Iz; N X in the enumeration,
so B UCs C Z'. We have the following possibilities, either B £ Z,0rCy £ Z, or Bg,Cy C Z. In the first
two cases, by the way Z' was defined, we know that Z’ is X-nice for (¢,7), so yNX C Z'. Therefore,
Z' = Z* and (Z', (a;, B;)i<,) is an a-construction for BU Z* over Z*, a contradiction. Therefore, we need
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to show only the case when B, C, C Z. Since (Z%,(a;, B;);<,) is not an a-construction over Z*, then
IleyNX Z 7.

Let n be the least ordinal such that (Z' U (Ig, N X), (a;, B;);<,) is not an a-construction over Z' U
(Iezy N X), since a-isolation is the Fy-isolation, then By, is finite and we can assume n < w. Since
(Z'U (Igy N X), (ai, B;)i<y) is an a-construction over Z' U (I, N X), then C = U, B; N (Z' U (Igy N X))
is such that stp(ag -~~~ a,-1,C) &= tp(ag -~ a,-1,Z" U (I N X)). Notice that C is a subset of Z'.
On the other hand, there is b such that stp(b, By) = stp(an, Bx), and tp(b,Z" UU{a; | i < n} U (Ig; N
X)) # tp(an, Z' U U{a; | i < n} U (I NX)). Since Z' is nice, then there is an infinite Ié,] C Iy NX
contained in Z'. Therefore, there are tuples d € (Ig, N X)\Ié,7 and e € Z' UU{a; | i < n} that satisfy
tp(b,eUd) # tp(an,e Ud). Denote by W the set CU ((B, Ue) N Z’), by Lemma 3.9 we know that there
is ¢ € Saut(M, W) such that g(d) € Z'. Since stp(ay --- " a,_1,C) F tp(ag -~ ay_1,Z" U (Igy N X)),
thenag -~ a,1 Lc Z'U (Izy N X). Therefore

ag - ag1dwd
and
ay - ap—1 dw 8(d).

So, stp(d,CUB, Ue) = stp(g(d),UCU B, Ue) and there is f € Saut(M,C U B, Ue) that satisfies f(d) =
g(d).

Since tp(b,e Ud) # tp(ay,eUd) and stp(b, B,) = stp(au, Bx) hold, we have that tp(f(b),eU f(d)) #
tp(f(an),eU f(d)), and ay, b, f(a,) and f(b) have the same strong type over B,,. Since (Z’, (a;, Bj)i<) is
an a-construction, then by the a-isolation we know that stp(a, B,) + tp(an,, Z' UU{a; | i < n}), on the

other hand stp(an, Bn) = stp(f(an), Bu) = stp(f(b), Bn), so tp(f(an), Z' UU{a; | i <n}) =tp(f(b),Z' U
U{a; | i <n}). In particulare, f(d) € Z', so tp(f(b),eU f(d)) = tp(f(an),eU f(d)), a contradiction.

Finally, since for every B < ¢ and i < v, (tp(a;, Zzﬁ),Bi) € F! where Z}B = 7P U Uj<iaj, then
(tp(a;, U5<(5Zf), B;) € F, and (T4, (a;, B;)i<,) is an a-construction for BUT ¢ over T'y. O

Fact 3.11. If Z C I'y is nice, then for every a < x the following holds
Z dzor T
Corollary 3.12. If Z C Iy is nice, then for every nice set I' C I'r the following holds

Zlzar I

Now, we have all the tools needed to prove the main result of A

4 Main result on Af

This section is devoted to prove, for certain kind of functions, that the models Af and AS$ are isomorphic
if and only if J; and ], are isomorphic coloured trees.

Theorem 4.1. Assume f,g are functions from x to Card N x\A such that f(x),g(a) > at and f(a),g(a) >
o, Then Af and A8 are isomorphic if and only if f and g are EX_ . €quivalent.

Lemma 4.2. Assume f, g are functions from x to Card N\ such that f(«), g(a) > at* and f(a), g(a) > o™
If f and g are EY_,, equivalent, then Af and A8 are isomorphic.
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Proof. Assume f and g are E)_,, equivalent. By Lemma 2.3 J; and ], are isomorphic coloured trees,
let G : Jy — Jg be an isomorphism. Define H¢y : Bz UCy U Iy — By UCqy) YUlg)cy) by Hey =

Hee)cop © Hey ! (where Hyp is the elementary embedding used in the construction of I,p), clearly Hg is
elementary. It is easy to check that the map

H= U U Hey

n€(r)a er)<af<n

is elementary. Let H be an automorphism that extends #, then 7 (Af) is a-primary over ['¢. Therefore
FH(AS) and A8 are isomorphic, we conclude that A/ and .48 are isomorphic.

Lemma 4.3. Assume f, g are functions from x to Card N x\A such that f(«), g(a) > at* and f(«), g(a) > a*.
If Af and A8 are isomorphic, then f and g are E_, , equivalent.

Proof. Let us assume, towards a contradiction, that f and g are not E}_; . equivalent and there is an
isomorphism T1 : Af — A8. Without loss of generality, we can assume that {a | f(a) > g(a) A
cf(a) = A} is stationary. Let (T'y, (a{ , Blf )i<) be an a-construction of Af over ['s. For every a define
Af =T} U U{a{ | i < a}, clearly Af is not necessary a model.

We say that &« < «x is f-good if (I’j‘r, (a{ , Bif )i<a) is an a-construction over I’;’f, .A;’é is an a-primary
model over Fj‘(, and « is a cardinal. Notice that there are club many f-good cardinals. We say that « is
very good if, a is f-good, f(a) > g(a) > a™" and II( ?) = Aj. Notice that since there are club many
o’s satisfying 7 (.Ajﬁ) = Aj and stationary many a’s with cofinality A such that f(a) > g(a), there are
stationary many very good cardinals. Since there are club many a’s satisfying sup({cg(p)}pejx) < &, by

Remark 2.5 we can choose « a very good cardinal with cofinality A and 7 € ¢, such that the(following
holds:

o ot < g(a),
o sup({cg(p)}pep) <a,
e there are cofinally many very good cardinals B < &,

o Urang(n1) = A and Urang(ys) = a.
Notice that by Definition 2.2 item 10, c¢(17) = f(a). Let us choose X C I'¢ and Y C < such that:

e Y has power 2% and is closed (i.e. foralli € Y, B‘lg CTeUUjey a}g).

e X has power 2% and is nice.

_ g . . .
D = XUU{aj | i € Y} is the a-primary model over X.

e D*=(XNT3)U U{af | i € Y Ai < a} is the a-primary model over X N Ig.

I1(C,) € D and TT(A) C D*.

If ¢ € (Jg)<a is such that Bz C X, then for all { < ¢, B; C X.
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o Iff € (]g)A\]g"‘l is such that Cp C X, then for all { € Jg, { < 6 implies that B; C X.

Notice that since D = X UJ{af | i € Y} is an a-construction over X, then for alli € Y, B C XU Ujey af
holds. Let E be an a-primary model over Tg“ UAZUD. By the definition of A, we know that
stp(af, Bf) + tp(af,rguu{af | j < i}). Since Bf C qu{aj.g | j < iAj € Y} holds for every i €
Y, then stp(af, BY) + tp(af,xurguu{af |j < a} uu{af | j < iAj € Y}) holds for all i € Y\a.
We conclude that D U Aj is a-constructable over X U .Ag. Notice that X U T is nice, so by Lemma
3.10 X U A} is a-constructable over X UT;. We conclude by Lemma 3.10 that E is a-constructable
over Fg“ UX. Let F be an a-primary model over EUU{Bg, Iz | { < 8 ACy C X\I’g“}, notice that
l"g,H UXUU{BgIze | ¢ < 0ACy C X\Fg“} is nice and by Lemma 3.10 we conclude that F is a-
constructable over Fg“ UXUU{Be Iz | ¢ < OACy C X\Fg“}. Let G be an a-primary model over
T'g UF, since F is a-constructable over T ™ U X UU{Bg, Igg | § < A Cy C X\I'3*1}, then by Lemma 3.10
G is a-primary over T§*1 U X UU{Bg, Igo | § < 0 ACy C X\I'gt!} UT,. Without loss of generality, we
can assume G = A3S.

Since « is A-cofinal, A > 2%, and |X | = 2%, there is a very good B < « such that X N l"g, C Fg. Let
& < n be such that Bz C F‘J"[\Fjé and ¢ ¢ ]ﬁ. It is not difficult to see that I1(Bz) lry4) D, and since
I(Cy) € D, II(Be) d(c,) D-

Claim 4.3.1. Thereis a € Iz, \(Ig; | w) such that T1(a) ¢ E and I1(a) Ins.ue,) E

Proof of Claim 4.3.1. Suppose, towards a contradiction, that for every a € Iz, \(Ig; | w), I1(a) yH(BgUCW)
E. Then, for every a € Iz;\(Iz; | w) there is b, € E such that T1(a) F(s.uc,) ba The model E
was defined as an a-primary model over Fg“ U X, therefore |[E| < A(T) + (|1”§Jrl U X| + w)<“. Since
AMT) < 2% and | X| = 2%, we obtain |E| < 2% + |T§+1\, by Fact 3.6, we get |E| < g(«) and |E| < f(a).
Since |Iz;| = f(a), then thereis b € Eand | = {¢; | i < w}, a subset of Iz;\(Iz; | w) such that for
every i < w, I1(c;) Yn(s;uc,) b holds. Since I(Ig;\(Igy | w)) is independent over TT(Bz U Cy), then
b Yy B:UC,))U{II(e;) | j<i} I1(c;) for every i < w. So T is not superstable, a contradiction. This finishes the
proof of Claim 4.3.1.

Notice that TI(I,) is indiscernible over IT(Bz U Cy). Since T1(B¢) e,y D, then by domination we
get M3 iH(CV) D, where Mj3 is an a-primary model over I1(Bz UC;). So the models My = Mj = I1(A),
My = Mj = T1I(Bg), My = T1(Cy) and M; = D satisfy the assumptions of Lemma 2.11, therefore IT(I¢,)
is indiscernible over I1(Bz) U D. By Remark 2.12, if M} is an a-primary model over I1(Bz) U D with
I(Iz, [ w) € M3, then Av(TI(Iz, | w), M3) L D and I(Ig,) is independent over I1(B¢) U D. So, if a is
the element given in Claim 4.3.1 and I1(a) ¢ M} holds, then tp(IT(a), M) L D.

Claim 4.3.2. tp(I1(a),E) L D

Proof of Claim 4.3.2. Let Mj be an a-primary model over IT1(Bz) U D with TI(Ig, | w) € Mj. Since E
is a-saturated, then there is M5 — E an elementary embedding such that F [ I1(Bz) UD = id. Let
b be such that b = F(Av(I1(Ig, | w), My)), since Av(T1(Iz, | w),Mz) L D, then tp(b, F(M3)) L D.
By the way Iz, was chosen and Remark 2.12, we know that I1(Ig,) is independent over T1(B¢) U D,
by Lemma 2.9 we conclude that F(Av(T1(Iz; | w), M3)) doesn’t fork over TTI(Bz) UD. On the other
hand, by Claim 4.3.1 I1(a) l1y(s,uc,) E, so I1(a) liys,)up F(M}). By Fact 2.7, since tp(b, F(M})) L D,
b bin(sup F(M3) and T1(a) Lrysup (M) hold, then tp(IT(a), F(M3)) L D.
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To show that tp(I1(a),E) L D let d and B be such thatd |p E, D C B, I1(a) |g B, and d |r B. By
transitivity, d |p E and d |g B implies that d |p E U B. By Claim 4.3.1 we know that I1(a) iII(Bguc,y) E,
then by transitivity we get I1(a) l11(5..c,) EUB. Therefored |p F(Mj)UBand I1(a) brs,)up F(ML)U
Bhold, sod |p F(M}), d Lrmy) Band I1(a) | z(py) B hold. Since tp(Il(a), F(M})) L D, we conclude
that IT(a) |p b, finishing the proof of Claim 4.3.2.

Let Ix be the set U{B, I,y | B, £ Fg” ANr<pACyC X\l"g,”}. Let us show that D | x Ix U Fg“. If
D Jx IxU Fg“, then there are finite c € D and b € (Ix U I'$)\X such that a J/x b.

Since D is a-constructable over X, then it is a-atomic over X. So, there is a finite A; C X such that
stp(c, A1) F tp(c, X). Since T is superstable, there is a finite Ay C X such that cUb |4, X. Denote by
A the set A; U A,. Since X is nice, A is a finite subset of X and b € (Ix UT)\X, then by Lemma 3.9
there is F € Saut(M, A) such that F(b) € X. Therefore stp(F(c), A1) - tp(c, X), and F(c) La, X, we
conclude F(c) L4 F(b) and ¢ |4 b. Since cUb | 4, X, then cUb |4 X. Therefore ¢ |x b, a contradiction.

By Fact 3.11, we know that Ix U X ierzH Fg“, then Ix | x Fg“. Since D |x Ix U Fg‘“, we conclude

that Ix |p Fg”. By the way E was chosen, we know that E is a-constructible over D U Fg“. Since D is
a-saturated, we get that Fg“ >>p E. By domination we conclude Ix |p E. Therefore, for every ¢ € Ix we
have that ¢ |p E. Since ¢ | E and I1(a) g E hold, then by Claim 4.3.2 we conclude that ¢ |g I1(a) for
every ¢ € Ix. By the finite character we get Ix |r I1(a). By the way F was chosen, we know that F is
a-constructible over Ix U E, and since E is a-saturated, we conclude that Ix > F. Therefore F | I1(a).
Since I1(a) tns:ue,) E, by transitivity we conclude I1(a) Insucy) F-

On the other hand T1(a) € A8 and AS is a-constructable over F U I'¢, then A8 is a-atomic over FUT,
and there is a finite B C F UT such that (tp(I1(a), FUTy),B) € Ff, and I1(a) € N, where N C A8 is
a-primary over F U B. Let B’ = B\F, there is a nice set ) such that YNF = A, B C ), Y I'¢-nice for
all (r,p) that satisfy B,,C, C Y, and S = {r € J¢ | (r € (Jo)ca AB, CY)V (r € (JJa ACr C V)}is
finite. Define X = {r € Jo | (r € (Jo)ca AB, C X)V (r € (Jga ACr C X)}. Let S = SU{r € (Jg)<a |
dJpeS(r<pland X = XU{rec (Jg)<r | Ip € X (r < p)}. By the way X was defined, we know
that for every limit ordinal § < A and { € J,, if forall ' < 6, { [ ¢/ € X holds, then { | § € X.
Notice that since c¢f(a) = A, if 6 < A is a limit ordinal such that forall 6’ <6, [ 6’ € ]§+l holds, then
{r1eec ]g“. We conclude that if # < A and { € J; are such that forall ¢/ <6, [0 € XU ]§+l and

g 16€S\(XUJFt), then 6 is a successor ordinal. Let {u;};¢(y)+ be a sequence of subtrees of J; with
the following properties:

ou0:5

e Every u; is a tree isomorphic to ug.

If i # j, then u; Nuj = ug N (X U JFH).

Every ¢ € dom(cg) N uyg satisfies c¢({) = cf(G;({)), where G; is the isomorphism between uq and
;.

For every { € upand 6 < Asuchthat{ | § € XU ]§+1 and { | 0+1 € up\(X U ]5",‘“), it holds
by Definition 2.2 that { [ 6 has x many immediate successors in ]g\]gﬂ. Also by Definition 2.2 the
elements of | r are all the functions 7 : s — A x x* that satisfy the items 1 to 8, therefore each of the
immediate successors of | 1y, {, satisfies that in the set {r € Jr | I’ < r} there is a subtree isomorphic
(as coloured tree) to {p € up\(X U ]§+1) | C 1 v+1 < p}. This and the fact that S is finite, gives the
existence of the sequence {u;};¢(,)+. By the way we chose the sequence {u;}; ¢(,)+, forevery i < f(a)¥,
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the isomorphism G; induces a coloured trees isomorphism G; : X' U ]§+1 Uug — XU ]g“ U u; such that
G XU ]§+1 = id. Let us denote by z; the tree X U ]g,‘“ U ;.

Let us define U; = {B, [ r € ziAr € (Jo)cr}U{Cp | p€zinp € (Jo)atand U; = U; U{L | By €
U; ANCp € Uj At < p}. Notice that |J Uj is nice for all i < f(a)*. Since u; is isomorphic to S, then p € z;
and r < p, implies r € z;. Therefore, U Uj; Uj; is nice for all i < f(a)™.

Claim 4.3.3. Forall i < f(a)" it holds that JU; Lr UUjx; Uj.

Proof of Claim 4.3.3. By the way the sets U; were constructed, we know that (JU;) N (UU;) = TgH U X U
Ix for all i # j. Let us denote by [ the set Fg” U X U Ix. By Corollary 4.13 we know that

Ut e UU T;.

j#i

Let us proof that F |y U U]-< Fla)* l:l]-. Suppose it is false, then F J¢ | U]-< Fla)* L_I]- and there are finite
ce Fandb e UU i<fa)+ Uj such that ¢ Jg b. Since F is a-constructable over [F, then it is a-atomic over
F. So, there is a finite A; C FF such that stp(c, A1) F tp(c,FF). Since T is superstable, there is a finite
Ay C F such that cUD |4, F. Denote by A the set A; U A;. By Lemma 3.9 there is F € Saut(M, A)
such that 7 (b) € F. Therefore stp(F(c), A1) F tp(c,F), and F(c) La, F. So F(c) Lo F(b) and ¢ |4 b.
Since cUb |4, IF, then cUb |4 F. Therefore c | b, a contradiction.

Since F | U Ui<f(a)+ Uj and U U; \r UUjx; Uj holds, we conclude that UU; |r UU,x; Uj, finishing
the proof of Claim 4.3.3. ‘

The isomorphisms (G;); f(a)+ induce the following elementary maps #;, : B, UC, U Iy = Bg, () U
Coitp) Y1cinci(p) forallr,p € zo (r € (Jg)<r and p € (Jg)a), given by H, = Hg, ()6, (p) © Hr_pl. Let
{D; | i < 8} be an enumeration of Uy such that if D; is a subset of Fg“ U X U Ix and D; is a subset of
Up\T's™ U X U I, then i < j. Let {D] | i < 6’} be an enumeration of {I, | I, € Up}.

It is easy to check that the map H; : |J Uy — U U; defined by

Hi= U U /Héﬂ

n€zoN(Je)r G€z0N(Jf)<a,6<n

is elementary. Notice that for any permutation R : f(a)™ — f(a)" and any i < f(a)™, tp(UUj<; U;, Tg ™ U
XU Ix) = tp(UUj<; Ug(j), T3 U X U Ix) holds.

Therefore (UU;);f(s)+ is an indiscernible sequence over I3 U X U Ix. So, for all i < f(a)*,
stp(Ulo, Ty UXUIx) = stp(UU;, T§T UX U Ix). Let G; : FUU Uy — FUU U, be givenby G; | F = id
and G; [ UUp = H;. It is easy to check that G; is elementary.

Let us define for all i < f(a)* the model M; C A% as an a-primary model over F U U;.; M; UU U,
with N' C My and let by € My be I1(a) (notice that B C Uy was chosen such that (tp(Il(a), FU
I'¢),B) € F and II(a) € N, N is the a-primary model over FUB). For all 0 < i < f(a)" let
g € Saut‘(/\/l,l"g+1 UXUIyx) besuch that G; | FUUU; = G; | FUUU; and b; € M; be such that
stp(b;, Gi(B)) = stp(Gi(I1(a)),Gi(B)). We know that (tp(I1(a), F UTy),B) € FZ, so by a-isolation and
the definition of G; we conclude that (tp(b;, G;(FUUUy)),Gi(B)) € F2, so (tp(b;, FUUU;), Gi(B)) € F~.
Therefore tp(b;, F) = tp(G;(I1(a)),F) and since G; is an automorphism that fix F, we conclude that
tp(b;, F) = tp(I1(a), F). On the other hand (tp(b;, FUUU;),G;(B)) € F% implies that b; UF U U; is
a-constructable over F U |J Uj, since F is a-saturated then | U; > b; U J U;. By Claim 4.3.3 we know that

17



U iry Uji U;, so by domination we conclude that b; UUJ U; Jr U Ujzi U;, in particular b; Lr U Ujzi U;
holds for all i < f(a)*.

Notice that for all i < f(a)*, M; is a-constructable over F U | Uj<i U;. Therefore | Uk<; Uy >f M
holds for all i < f(a)", and since b; |r UU,»; U; holds for all i < f(a)¥, then b; L M; holds for
all j,i < f(a)", j < i. In particular b; |r Ug<;bx holds for all j,i < f(a)", j < i. We conclude that
bi Ir Uj<;bj holds for all i < f(a)™. Since tp(b;, F) = tp(Il(a), F) and I(a) bs.ue,) F, we get that
b; l,H(Bgucq) F and by transitivity we conclude that b; iH(Bgucn) Uj<ibj- So (bi)i<f(«)+ is an independent
sequence over T1(B; UCy). Since for i # j we know that tp(b;, F) = tp(b;, F), the types over F are
stationary, and b; |r U;; bj, then we conclude that (b;)ic f(a)+ 1s an indiscernible sequence over F.

For every i < f(a)* let ¢; be IT71(b;), since IT is an isomorphism, then (c;);- f(a)+ 1s an indiscernible
sequence over Bz U Cy and an independent sequence over Bz U Cy, notice that ¢o = a, so cp € Iz

Denote by | the sequence (c;); f(q)+, since T is superstable, there is J' C | of power f(a)* such that
co ¢ J' and satisfies |’ b1wuB:ue, Igy- Since [ is an independent sequence over Bz U Cy, then J bBaue, T1
w U Ig,. Let us denote by Q the set Bz UCy U (Ig; [ w)\{co}, so J' Lg Iz Since Av(Ig,, Q) is stationary
and Iz, is independent over Bz U C;, we conclude that I' = {co} U (I, \(Ig, | w)) is indiscernible over
J' U Q. Especially I’ is indiscernible over Bz UC,; U ]'. On the other hand |’ bB.ue, ] | wU Iz, implies
that J’ \LB@UC” Iz, and since Iz, is independent over Bz U Cy, we conclude that I, is independent over
Bz UC, UJ'. In particular I’ is independent over Bz UC, U J'. We will prove by induction that J' U I’
is indiscernible over Bz UC;. Let us denote by {d; | i < f(a)} the sequence I'. Since co € I'N ],
co = Av(J', B UCy; UJ'), and I is indiscernible over J' U Q, then for every i < f(a),

d; = AU(]I, Bg U C,7 U ],)

Suppose j is such that for all n < j the sequence J'U {d; | i < n} is indiscernible over Bz UCj, then
J'U{d; | i < j} is indiscernible over Bz U Cy, therefore Av(J' U{d; | i < j},BsUC, U] U{d;|i<j})=
Av(]',B:UC,; UT' U{d; | i <j}) and it does not fork over Bz UCy; U J'. On the other hand we know
that Av(J', B UC, U ') is stationary, d; | 5.uc,up {di | i <j}and d; = Ao(J', B UC, U]’), we conclude
that tp(d;, B UC, U] U{d; | i < j})) = Av(J'U{d; | i < j},B;UC, U] U{d; | i < j}). Therefore
J'U{d; | i <j}is indiscernible over Bz UC;. We conclude that J' U I’ is indiscernible. So | is equivalent
to Iy and for alld € J', d = Av(Ig, [ w, Iz | wUBgUCy). Since J' is independent over Bz U C; and
J }B:uc, Iey, we conclude that J' is independent over I¢, [ w U Bz UCy, thus dim(pgﬂ,/lf) > f(a)t, but
this contradicts Lemma 3.7. O

5 Corollaries
Corollary 5.1. If k is innaccessible, and T is a theory with S-DOP, then EY_, , < .

Proof. Let f and g be elements of «*. First we will construct a function F : ¥ — «* such that f E§ ;. ¢

if and only if A"(f) and AF(®) are isomorphic.
For every cardinal a < «, define S, = { € Card N« | A,a™F,a* < B}. Let G4 be a bijection from x
into Sg, for every B < k. For every f € x* define F(f) by F(f)(B) = Gg(f(B)), for every B < x. Clearly

f EX 4 & if and only if F(f) EX . F(g) ie. AF (f) and AF(®) are isomorphic and F is continuous.

Finally we need to find G : {F(f) | f € x*} — x* such that Agp(s) = AF() and f — G(F(f))
is continuous. Notice that for every f,g € ¥* and & < «, by Definition 2.2 and the definition of | ]”é in
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Remark 2.4, it holds:
F(f) Ta=F(g) [« < Jrp = Jig)-
By Definition 3.5, for every f,¢ € x* and a < « it holds:
(14

Te(r) = JEe) © Trir) = Trig)-

By the definition of A% in Theorem 4.1, for every f,g € ¥ and & < x an F (f)-good and F(g)-good
cardinal, it holds:
o _Ta o ~ A&
Petr) = Trig) & Artr) = A
In general,since there are club many F(f)-good and F(g)-good cardinals, then by the definition of Af in

Theorem 4.1 we can construct the models A/ such that for every f,¢ € x* and « < «, it holds:
Jer) = Titg) < Arr) = Arg)
So we can construct the models Af such that for every f,g € x* and a < «, it holds:
F(f) Ta=F(g) I« = Ap ) = Af(q)-

For every f € «* define Cf C Card N« such that Va € Cy, it holds that for all g ordinal smaller

than «, | Ai(f) |<| A”Ié(f) . For every f € x* and a € Cy choose Ej& : dom(A”lf-(f)) —| .A”lf-(f) | a

bijection, such that V§, & € Cf, B < wa it holds that Efj C E?. Therefore J,cc y E? = Ef is such that

Ef: dom(AF()) — « is a bijection, and for every f,g € x* and « < « it holds: If F(f) | « = F(g) | &,
then E¢ [dom(A”F‘(f)) =E; [dom(A%(g)).
Let 7t be the bijection in Definition 1.6, define the function G by:

1 ifa=m(m,ay,ay,...,a,) and AE() = Pm(Efl(al),EJ?l(az),. ) .,E;l(an))
0 in other case.

G(E(f)(w) —{

To show that G is continuous, let [ | «] be a basic open set and & € G~![[ | a]]. So, there is B € C;
such that for all y < «, if v = 7w(m,ay,ay,...,a,), then Egl(ai) € dom(.Ag) holds for all i < n. Since for
all ¢ € [¢ | B] it holds that .Ag = Alg, then for every v < a that satisfies v = 7t(m,ay,ay,...,a,), it holds

that:
AL = Pu(Eg N (a1), Eg N (2), - g (an)) © A° = Pu(E; (1), E; M (a2), - B H(an)).

We conclude that G({) € [y | a], and G is continuous. O

In [HM] it was proved that if T is a classifiable theory and y < « is a regular cardinal, then =t is
continuously reducible to E},_, ;.

pu-clu

Corollary 5.2. If x is an innaccessible and T is a classifiable theory and T, is a superstable theory with S-DOP,
then ng SC%TY

The last corollaries are about 21-completeness. Suppose E is an equivalence relation on x*. We say that
E is 1 if E is the projection of a closed set in k¥ x x* x x* and it is Z1-complete, if every &1 equivalence
relation is Borel reducible to E.
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In [HK] it was proved, under the assumption V = L, that EZ- club 18 Ll-complete for all regular

# < k. In [FMR], under the assumption GCH, it was proved that there exists a cofinality-preserving
GCH-preserving forcing extension in which EZ_ club 18 L1-complete for all regular u < «.

Corollary 5.3. o Suppose V. = L. If x is an innaccessible and T is a superstable theory with S-DOP, then
7 is Si-complete.

o Suppose GCH. There exists a cofinality-preserving GCH-preserving forcing extension in which If x is an
innaccessible and T is a superstable theory with S-DOP, then =t is L1-complete.

References

[Fer] G. Fernandes, On local club condensation, in preparation, (2020).

[FMR2] G. Fernandes, M. Moreno, and A. Rinot, Fake reflection, arXiv:2003.08340, 2020. Submitted

[FMR] G. Fernandes, M. Moreno, and A. Rinot, Inclusion modulo nonstationary, Monatshefte fiir Math-
ematik. 192, 827 — 851 (2020).

[FHK] S.D. Friedman, T. Hyttinen, and V. Kulikov, Generalized descriptive set theory and classification
theory, Memories of the American Mathematical Society. 230 no. 1081, (2014).

[HaMa] L. Harrington and M. Makkai, An exposition of Shelah’s Main Gap: counting uncountable models of
w-stable and superstable theories, Notre Dame Journal of Formal Logic, 26, 139 — 177 (1985).

[HrSo] E. Hrushovski and Z. Sokolovi¢, Minimal subsets of differentially closed fields, American Mathe-
matical Society. To appear.

[HK] T. Hyttinen and V. Kulikov, On Zi-complete equivalence relations on the generalized baire space,
Mathematical Logic Quarterly, 61, 66 — 81 (2015).

[HKM] T. Hyttinen and V. Kulikov, and M. Moreno, A generalized borelreducibility counterpart of shelah’s
main gap theorem, Archive for Mathematical Logic, 56, 175-185 (2017).

[HKM2] T. Hyttinen, V. Kulikov, and M. Moreno, On X1-completeness of quasi-orders on x*. Fundamenta
Mathematicae, 251, 245-268 (2020).

[HM] T. Hyttinen and M. Moreno, On the reducibility of isomorphism relations, Mathematical Logic
Quarterly, 63, 175 — 192 (2017).

[HS] T. Hyttinen and S. Shelah, Constructing strongly equivalent non-isomorphic models for unsuperstable
theories, part C, The Journal of Symbolic Logic 64 634 —642, (1999).

[LS] M. Laskowski and S. Shelah, Borel completeness of some Ro-stable theories, Fundamenta Mathe-
maticae 229(1) 1-46, (2015).

[Mar]  D. Marker, Chapter 2: Model Theory of Differential Fields, Lecture Notes in Logic 5 (1) 38-113,
Springer-Verlag, Berlin (1996).

[Mar2] D. Marker, The Number of Countable Differentially Closed Fields, Notre Dame Journal of Formal
Logic 48 (1) 99-113, (2007).

[She] S. Shelah, Classification theory, Stud. Logic Found. Math. 92, North-Holland, 1990.

20



